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ABSTRAKTY

Numerical simulations and mathematical

modeling in hemodynamics and hemolysis

Tomáš Bodnár

The development of blood contacting devices, such as Ventricular Assist Devi-
ces (VAD) became one of the most challenging tasks in modern bioengineering.
The models of blood rheology, stress- and strain-based models of hemolysis, models
of turbulence need to be solved at high resolution in complex geometries. The talk
will present an overview of our current work in design of computational test case
for VAD development and some of the recent results on combining the models of
viscoelastic rheology with strain based models of hemolysis. This is a part of an
ongoing joint work with Anna Lancmanova, Nico Dirkes, Alberto Girelli, Adelia
Sequeira and Giulia Giantesio.
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Spojité a nespojité rekonstrukce v numerických

metodách pro hyperbolické problémy

Marek Brandner

V současné době době existuje téměř nepřeberné množstv́ı numerických technik pro
řešeńı parciálńıch diferenciálńıch rovnic hyperbolického typu a daľśıch př́ıbuzných
problémů (od metody konečných diferenćı, metody konečných objemů, přes r̊uzné
verze metody konečných prvk̊u až po spektrálńı metody). Jednou z občas diskuto-
vaných otázek je, zda je vhodněǰśı aproximovat řešeńı spojitými, nebo nespojitými
funkcemi. V rámci přehledové přednášky se pokuśıme popsat vybrané př́ıklady
metod (např. metody Godunovova typu, schémata typu active flux) založených na
r̊uzných typech aproximace hledané funkce, shrnout výhody, nevýhody a omezeńı
těchto př́ıstup̊u. Dále poṕı̌seme dopad r̊uzných typ̊u aproximace řešeńı na daľśı
části metod. Zmı́ńıme také některé otevřené problémy.

Numerická evaluace Lambertovy funkce

Tomáš Brázda

Př́ıspěvek se zaměř́ı na otázky souvisej́ıćı s numerickým vyč́ıslováńım hodnot Lam-
bertovy W funkce, která je definována jako inverzńı relace ke komplexńı funkci
z = w exp(w), w ∈ C. Přestože jde o klasické téma, jehož základy byly položeny
Johannem Lambertem a Leonhardem Eulerem, výzkum v této oblasti je stále
aktuálńı. Zaměřuje se mj. právě na studium numerických aproximaćı této mno-
hoznačné funkce (maj́ıćı spočetně mnoho větv́ı), se zaměřeńım na jej́ı hlavńı větev.
V přehledové části př́ıspěvku budou shrnuty známé př́ıstupy k této problematice,
včetně jejich výhod, omezeńı a vzájemného porovnáńı. Následně bude prezentován
a okomentován nedávný analytický výsledek spoč́ıvaj́ıćı v implicitńı charakterizaci
reálné a imaginárńı části Lambertovy W funkce, který může mı́t potenciál také
v oblasti numerického vyč́ıslováńı všech (tedy i komplexńıch) větv́ı této funkce.
Speciálně bude ukázáno, jak tento výsledek umožňuje hledat numerické apro-
ximace komplexńıch hodnot Lambertovy W funkce pomoćı standardńıch nume-
rických algoritmů v reálném oboru. Jako ilustrace tohoto př́ıstupu bude v závěru
př́ıspěvku diskutována otázka konvergence Newtonovy metody, včetně stanoveńı
jej́ıch startovaćıch hodnot.
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Multilevel Monte Carlo for transport processes

in fractured media under aleatory uncertainty

Jan Březina

We present a multilevel Monte Carlo (MLMC) framework for uncertainty ana-
lysis of transport processes in fractured porous media modeled by a discrete
fracture–matrix (DFM) approach. The target outputs are concentration-based
quantities of interest, and Sobol sensitivity indices are estimated for both scalar
parameters and aleatory inputs, including random fracture-network realizations
and mesh-induced numerical variability. These aleatory inputs lead to non-smooth
responses and challenge standard surrogate approaches.
To make MLMC work with discrete fractures, coarse meshes must replace unre-
solved small fractures by effective permeability (and dispersion) tensors. Direct
numerical homogenization is too costly, while simple averaging is often too inaccu-
rate. We therefore use a CNN surrogate: a rasterized local fracture–matrix patch
is mapped to effective tensors, enabling efficient level transitions. The approach is
demonstrated on a near-field radioactive waste benchmark problem.

Data-driven approaches in multi-objective

optimization for computationally expensive

problems

Jana Burkotová

Many real-world optimization problems involve multiple conflicting objectives and
rely on numerical simulations, where the high computational cost limits the num-
ber of feasible evaluations. In such settings, the direct application of conventio-
nal numerical optimization is often computationally prohibitive. This contribution
focuses on data-driven approaches designed to address such challenges, with an
emphasis on surrogate-assisted strategies that replace the costly objective functi-
ons with learned approximations. In particular, we consider probabilistic surrogate
models within the Bayesian optimization framework that utilize uncertainty infor-
mation to guide the optimization process. Further aspects, including probabilistic
constraint handling, mixed-integer design spaces, and multi-fidelity modelling, are
also discussed to address practical challenges in real-world multi-objective optimi-
zation.
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Gradient-based shape optimization

of Francis turbine blades

Jǐŕı Egermaier

This contribution presents a shape optimization framework for runner blades of
a Francis turbine aimed at improving hydraulic performance under prescribed ope-
rating conditions. The optimization is based on a gradient-based method, where
sensitivities are efficiently evaluated using an adjoint approach. The objective
function consists of multiple components reflecting key design requirements: uni-
form pressure distribution along the blade surface, a prescribed and physically
suitable outlet velocity profile, an efficiency-related term, and a constraint term
controlling the designed hydraulic head. The multi-term formulation allows ba-
lancing hydraulic performance and operational constraints within a single opti-
mization loop. Numerical results demonstrate the capability of the approach to
enhance flow characteristics and overall turbine performance while respecting de-
sign limitations.

Modeling selected cases of aeroelastic behavior

of structures using the phenomenon

of stochastic resonance

Cyril Fischer

The potential use of stochastic resonance in modeling the aeroelastic behavior
of structures is explored. Stochastic resonance may provide a framework for ex-
plaining the amplification of the response of nonlinear dynamical systems in the
presence of noise. In aeroelastic problems, such noise can represent random flow
fluctuations or operational uncertainties in strongly coupled fluid–structure sys-
tems. Analytical models of simplified aeroelastic systems, numerical simulations of
their responses, and combined approaches enabling the incorporation of random
flow disturbances are discussed. Particular attention is paid to mathematical me-
thods that allow the study of the onset and effects of stochastic resonance, as well
as to its potential impact on the interpretation of aeroelastic phenomena such as
flutter and limit cycle oscillations.
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The lattice Boltzmann method: principles,

applications, and analysis

Radek Fuč́ık

The lecture will focus on the mesoscopic lattice Boltzmann method (LBM) and will
consist of three parts. First, the basic principles of this method will be explained
and illustrated with engaging images and animations. Then, several applications
of LBM for solving three-dimensional mathematical modeling tasks will be pre-
sented. Finally, we explore what macroscopic partial differential equations we are
actually solving using LBM.

Two-level Schwarz preconditioners

for discontinuous Galerkin discretizations

of partial differential equations

Tomáš Hammerbauer

We introduce and analyze a class of two-level Schwarz preconditioners for dis-
continuous Galerkin discretizations of partial differential equations. The proposed
preconditioners are based on a non-overlapping domain decomposition of the com-
putational domain, and they combine local solvers on the subdomains with a glo-
bal coarse solver. We establish the convergence properties of the preconditioned
iterative method, and we provide numerical experiments to demonstrate the ef-
fectiveness of the proposed approach. Our results show that the two-level Schwarz
preconditioners can significantly reduce the number of iterations required for con-
vergence, making them a promising tool for solving large-scale partial differential
equations discretized with discontinuous Galerkin methods.
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Flexible algorithms for regularization

of inverse problems

Iveta Hnětynková

Large-scale ill-posed problems arise in many applications and are commonly for-
mulated as noisy linear approximation problems. Krylov subspace methods are
widely used in this setting because they rely only on matrix–vector multiplications
and can incorporate flexible preconditioning to promote desired solution proper-
ties. In this talk, we present a fast flexible Krylov method based on a modified
Golub–Kahan process that reduces computational cost while retaining the advan-
tages of existing flexible approaches. Numerical experiments illustrate its efficiency
compared with related methods.

Diskretizačńı efekty v modelu difuze s kinetickou

reakćı: verifikace analytickým řešeńım

Milan Hokr

Př́ıspěvek se zabývá numerickým chováńım reakčně-transportńıho modelu mo-
tivovaného koroźı železa v prostřed́ı bentonitu uvažovaného v konceptech hlu-
binného úložǐstě vyhořelého jaderného paliva. Studována je jednorozměrná difuze
rozpuštěného Fe2+ s kinetickým srážeńım minerálu, popsaná rovnićı transportu
s lineárńım reakčńım členem. Pro asymptotický ustálený stav je odvozeno analy-
tické řešeńı umožňuj́ıćı verifikaci numerických model̊u. Chováńı řešeńı je určeno
poměrem difuze a kinetiky srážeńı, který vede bud’ k téměř lineárńımu difuzńımu
profilu, nebo k profilu s prudkým poklesem koncentrace v oblasti přesyceńı mi-
nerálu. Numerické výpočty byly provedeny pomoćı geochemických kód̊u PHRE-
EQC a iCP. Výsledky ukazuj́ı výraznou citlivost řešeńı na prostorovou i časovou
diskretizaci a na zp̊usob numerického řešeńı sdružené úlohy transportu a re-
akce (štěpeńı operátoru, konečné objemy vs. konečné prvky). Analytické řešeńı
umožňuje tyto efekty identifikovat a odlǐsit fyzikálńı chováńı modelu od artefakt̊u
numerické aproximace.
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The use of Bézier curves in shape optimization

for contact problems

Lukáš Kapera

In the context of shape optimisation, our contribution focuses on using Bézier
curves to model the design boundary of a rigid body. We consider a linear elas-
tostatic model with friction to be the state problem. Our research explores the
potential of using mesh generators designed for 3D printers to create meshes for
the finite element method that also approximate the initial estimate of the domain
shape. Since a topologically equivalent sequence of meshes providing continuous
approximations of the desired shape is one of the fundamental conditions for the
convergence of the external shape problem, the lecture will concentrate on effective
mesh handling. We will also examine numerical methods for solving the state pro-
blem, paying particular attention to the interior point method and the active set
method.

Model order reduction for accelerating elastic

and plastic material parameter identification

using laser peening simulations

Anna Kovárnová

Elastic and plastic material parameters of metals and metal alloys are critical
for accurate simulations of the laser peening (LP) process. One possible way of
obtaining them is to compare the LP simulations with dynamical backface velo-
city measurements performed via the Velocity Interferometer for Any Reflector
(VISAR). However, the LP simulations are computationally costly and for a pa-
rameter identification they have to be performed repeatedly. In this contribution,
we aim to accelerate the identification by methods of model order reduction. We
utilize a posteriori methods: the simulations are pre-computed for several elastic
and plastic parameter configurations, and from the snapshots a reduced basis is
extracted. In particular, we combine the proper orthogonal decomposition with re-
gression using artificial neural networks and to augment the method, we transform
the snapshots beforehand using the physical knowledge of the speed of the elastic
wave.
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DG = FEM + flat elements

Václav Kučera

The tempered finite element method (TFEM) is a simple, easy to implement mo-
dification of vanilla finite elements (FEM) that allows computation on meshes
containing nearly or completely degenerate (flattened) elements. Here we go one
step further and show how a simple modification of the computational mesh (by
flattening certain elements) allows one to trivially implement discontinuous Galer-
kin (DG) methods in any off-the-shelf FEM code. We demonstrate this on diffusion
as well as nonlinear evolutionary convection problems. Thus the TFEM framework
not only fixes FEM by making it more robust to mesh degeneracy, but one can
actively use TFEM to easily implement mortaring and/or DG schemes in ordinary
FEM codes simply by collapsing chosen elements.

Towards understanding CG-accelerated

FFT-based solvers through examples

Martin Ladecký

Fast Fourier transform (FFT)-based solvers have become a standard tool for homo-
genization problems in micromechanics [1]. These solvers are particularly effective
for elliptic partial differential equations (PDEs) with periodic boundary conditions
and data defined on regular grids.
A key component of this class of solvers is the discrete Green’s operator preconditi-
oner, applied via the FFT, which substantially accelerates convergence of iterative
methods—in our case, the conjugate gradient method (CG).
Inspired by Carson [2], we will examine the convergence of CG-accelerated FFT-
based solvers across a series of homogenization problems. We will establish a direct
connection between PDE data, spectral properties, and solver performance, pro-
viding deeper insight into the mechanisms that govern efficiency and accuracy of
these solvers.

References

[1] M. Schneider: A review of nonlinear FFT-based computational ho-
mogenization methods. Acta Mech. 232 (6) (2021) 2051–2100.
https://doi:10.1007/s00707-021-02962-1

[2] E. Carson, J. Liesen, Z. Strakoš: Towards understanding CG and GMRES
through examples. Linear Algebra and its Applications, 692 (2024) 241–291.
https://doi.org/10.1016/j.laa.2024.04.003
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A Chebyshev polynomial approach

to the Subset Sum Problem

Jan Lamač

The Subset Sum Problem is a classical NP-complete problem with numerous ap-
plications in combinatorics and cryptography. In this talk we present a new algo-
rithmic approach based on polynomial representations and numerical integration
techniques. The method employs expansions in Chebyshev polynomials together
with Gauss–Chebyshev quadrature to transform the discrete feasibility problem
into the evaluation of certain weighted sums that reveal candidate solutions. This
formulation leads to an efficient procedure for detecting subsets whose sum equals
a prescribed target value. Numerical experiments indicate that the proposed me-
thod can significantly reduce the effective search space for many randomly gene-
rated instances. The approach provides a novel connection between polynomial
approximation techniques and combinatorial optimization.

O nenewtonské porozimetrii

Martin Lanzendörfer

Mezi metodami, jak charakterizovat a měřit velikost pór̊u (zejména v kontextu
porézńıch geologických materiál̊u, tedy zemin a hornin) se před lety objevily
dvě metody založené na prouděńı nenewtonských kapalin saturovaným vzorkem
prostřed́ı. Yield-stress metoda (YSM) využ́ıvá yield-stress tekutinu a fakt, že
trubičkou (představuj́ıćı kousek pórového prostoru) tato tekutina neproud́ı do-
kud hydraulický gradient nepřekroč́ı kritickou mez závislou na poloměru trubičky.
Metoda Abou Najma a Atallaha (ANA) oproti tomu využ́ıvá sadu shear-thinning
tekutin s r̊uznou nelineárńı odezvou, např. power-law tekutiny s r̊uzným indexem.
Obě dvě metody jsou tedy postavené na velmi zjednodušeném modelu prostřed́ı
tvořeném sadou paralelńıch trubiček, nicméně dosavadńı experimentálńı výsledky
naznačuj́ı, že obě metody mohou mı́t své využit́ı.
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Operator preconditioning for the Hodge

Laplacian in mixed formulation

Tomáš Luber

The aim of this contribution is to present a construction of a preconditioner for the
mixed fomulation of the Hodge-Laplace operator on a Hilbert complex. To this end,
we interpret the problem as a perturbed saddle point problem and use the norm
fitting framework by Hong et al. to construct two norms in which the problem
is well posed. The application of the framework relies on the Hilbert structure,
which provides all necessary properties. We show that both norms suggested by
the framework can be further simplified to same norm-equivalent preconditioner
that is easy to implement and numerical experiments confirm its robustness.

EasyBEM - A novel open-source

component library

Dalibor Lukáš

Boundary Element Methods (BEM) are used much less frequently than, for exam-
ple, Finite Element Methods. This is perhaps due to the difficulty of evaluating the
resulting linear systems of equations and the fact that these systems are dense.
In this talk, a unified approach to the numerical quadrature of singular kernels
will be presented. Furthermore, we introduce our recent operator preconditioner.
On a single GPU card, we achieve single-precision accuracy within seconds in 2D
and within hours in 3D. Finally, we release the code as a new component library,
which we hope can be easily integrated into your C++, MATLAB, or Python pro-
jects. For the latter, we provide several examples. This is a joint work with Zbyšek
Machaczek.
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The method of conjugate gradients for solving

Lyapunov matrix equation

Jana Lungová

We are focused on solving the so-called Lyapunov equation, i.e., an equation of
the form AX + XAT = F , where A, X and F are square matrices of order n.
We discuss a special case, where matrix A is of large dimensions and sparse and
matrix F is of a low-rank. The solution X is in general a dense matrix, but it can
be approximated by a low-rank matrix. In these special circumstances X cannot
be computed directly (because of large dimensions and density), but it is possible
to use so-called low-rank arithmetic. For solving we use the method of conjugated
gradients in matrix form (MCG). We will present behavior of the MCG method
on experiments, in particular the behavior of ranks of the standard MCG vectors
(matrices) such as solution approximations Xk, direction vectors Pk, etc.

Operator preconditioning in the boundary

element method

Zbyšek Machaczek

In this talk we describe efficient preconditioning strategies for operators of nega-
tive order, that induce equivalent norms on Sobolev spaces with negative indices
and arise naturally in the boundary element method. An operator with opposite
order mapping properties is used to construct a preconditioner. In order to ob-
tain a bounded condition number of the resulting system, we must use a pair of
discretization spaces that satisfy certain LBB conditions, i.e., duality of the two
respective Sobolev spaces must be preserved on the discrete level. Such discrete
spaces are known for lowest order discretizations, but application of the precondi-
tioner is costly. We present suitable pairs of spaces that circumvent this issue and
we extend this construction to higher order discretizations.
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On the Gao beam model:

hypotheses and extensions

Jitka Machalová

The nonlinear beam model introduced by Professor Gao in 1996 has become wi-
dely known as the Gao beam. In connection with this model, two key hypotheses
concerning its mechanical behaviour were formulated. The first states that the cri-
tical buckling load coincides with that of the classical Euler–Bernoulli beam, while
the second claims increased stiffness. We present a mathematical proof confirming
the first hypothesis within a variational framework based on generalized Rayleigh
quotients. We further analyse buckling under combined loading and show that the
critical load remains unchanged. In contrast, the second hypothesis does not hold
in general, as confirmed by numerical simulations indicating dependence on loa-
ding and boundary conditions. Finally, we consider extended Gao beam models
and discuss necessary corrections to their variational structure.

Matematický model ukládáńı energie

ve formě stlačeného vzduchu

Josef Maĺık, Alexej Kolcun, Ondřej Garncarz

S rozvojem zelené energetiky otázky ukládáńı energie nabývaj́ı na d̊uležitosti.
Z rozboru, který byl proveden ve studii [1] vyplývá, že nejvhodněǰśım zp̊usobem
je ukládáńı pomoćı stlačeného vzduchu. Dosud už́ıvané metody jsou založeny
a uložeńı stlačeného vzduch v podzemńıch komorách, který následně poháńı
větrnou turb́ınu. Vzhledem k adiabatickému rozṕınáńı toto vyžaduje předehř́ıváńı
vzduchu, aby nedošlo k zamrznut́ı větrné turb́ıny. Nedávno byla patentována me-
toda (viz [2]), která nahř́ıváńı vzduchu nevyžaduje. V tomto př́ıspěvku je prezen-
tován matematický model, který umožňuje odhadnout výkon a účinnost této nové
metody.

References

[1] Barnhard, Benson: On the importace of reducing the energetic and mate-
rial demands of electrical energy storage. Energy and Enviromental Science,
2013,6, 1083–1092.

[2] Zař́ızeńı pro opakované uskladněńı energie, CN 114016479 A; CN 113931693
A; JP H084643 A; CN 110173386 A; CN 102797613 B.
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Spatial design for air pollution measurement

network optimization

Ctirad Matonoha, Marek Brabec

We consider a spatial design problem related to optimal expansions of existing air
pollution networks on arbitrary domain that is discretized via a fine equidistant
grid. We work with a natural min-max optimality criterion that seeks placement of
a new design (measurement) point in such a way that it minimizes the worst-case
spatial prediction error. Hence it gives the best placement with respect to the worst
map quality based on interpolation from a formal statistical model that we specify
and that acknowledges vastly different statistical behavior of the concentration field
over the background locations and in the urbanized areas. While the maximum is
always evaluated over the whole grid, the actual measurement placement can be
restricted to an arbitrary subset. This work was supported by the TACR project
ARAMIS No. SS02030031.
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Bayesian approach to 3D reconstruction

of abdominal aortic aneurysm from CT images

Matěj Maz̊urek

An accurate and anatomically reliable reconstruction of vascular structures
from CT images is a crucial task in medical image analysis. In the case of ab-
dominal aortic aneurysms, obtaining an anatomically plausible geometric repre-
sentation of the vessel is particularly important for a reliable assessment of the
risk of its rupture. In this contribution, we present a probabilistic approach to this
reconstruction problem: the observed image data are assumed to be generated with
respect to the configuration of B-spline parametrizations of the vascular bounda-
ries, whose parameters represent the main unknowns of the problem. Employing a
Bayesian framework allows us, by choosing suitable prior probability distributions
over the corresponding parameters, to incorporate information about anatomical
properties of the reconstructed structures, such as their spatial coherence and na-
tural smoothness, directly into the formulation of the reconstruction problem. The
final reconstruction is obtained as a maximum a posteriori estimate, i.e. as a maxi-
mizer of the posterior probability density function, which combines the information
contained in the observed data with the prior assumptions imposed on the recon-
structed geometry. For this purpose, a tailor-made optimization algorithm based
on Markov chain Monte Carlo methods is employed. The proposed method provi-
des patient-specific three-dimensional reconstructions obtained without the need
for any previously available training datasets, and preliminary numerical results
indicate not only that the method achieves reasonable pixelwise agreement with
manually segmented reference structures, but also that it preserves anatomically
meaningful geometric properties.
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Vectorized MATLAB implementation of FEM

for large deformations of inelastic materials

in logarithmic strain space

Alexej Moskovka

Modeling solids undergoing large deformations requires formulations that go bey-
ond the assumptions of linear elasticity. Standard approaches rely on nonlinear
strain measures and stress updates, often leading to a complete reformulation
of the model or the use of logarithmic corotational integration. We propose an
alternative approach that preserves the structure of small-strain elasticity while
incorporating finite kinematics via a generalized logarithmic strain and suitable
post-processing transformations. The method is described together with its nume-
rical realization, including its integration into the finite element method, and is
demonstrated on a three-dimensional elasto-plasticity model.

TNL: Numerical library

for modern parallel architectures

Tomáš Oberhuber

TNL (www.tnl-project.org) is a collection of building blocks that facilitate the
development of efficient numerical solvers and HPC algorithms. It is implemen-
ted in C++ using modern programming paradigms in order to provide a flexible
and user-friendly interface similar to, for example, the C++ Standard Template
Library. TNL provides native support for modern hardware architectures such
as multicore CPUs, GPUs, and distributed systems, which can be managed via
a unified interface. In our presentation, we will demonstrate the main features of
the library together with the efficiency of the implemented algorithms and data
structures.
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On spectral analysis of preconditioners for fully

implicit Runge-Kutta systems

Michal Outrata

In the last five years, the fully implicit Runge-Kutta methods attracted a renewed
attention, most importantly their use for linear (or linearized) PDEs, resulting in
several new preconditioning techniques for the ensuing systems of linear algebraic
equations. All of these were proposed and developed for parabolic problems and
the spectral analysis of these preconditioners has been largely built around that,
accurately predicting the behavior of these preconditioners. Recently, the precon-
ditioning framework has been extended to hyperbolic problems and in a “parallel-
across-the-stages” manner. This talk will provide details on the spectral analysis
of these preconditioners for the hyperbolic case, showcasing we can explain the
observed behavior here as well.
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Error estimate and stopping criteria for CGLS,

LSQR, and their block variants

Jan Papež

In [1], we introduced an adaptive estimate for the energy norm of the error in the
conjugate gradient (CG) method. This estimate is computationally inexpensive
and numerically reliable in finite-precision computations.
In this talk, we present the results from [2], where we have extended the estimate
to the LSQR and CGLS algorithms for solving least-squares problems involving
general rectangular matrices. The estimate is applicable to preconditioned variants
of these algorithms. The extension of the results to block variants of LSQR and
CGLS was recently presented in [3] and will also be discussed.
We emphasize the applicability of the estimates in finite-precision arithmetic, no-
ting that their derivation relies exclusively on local orthogonality, a property gene-
rally well preserved in computations. Additionally, the evaluation of the estimates
remains inexpensive. Finally, we explore their use in stopping criteria.

References

[1] G. Meurant, J. Papež, P. Tichý: Accurate error estimation in CG. Numerical
Algorithms (88) (2021) 1337–1359.

[2] J. Papež, P. Tichý: Estimating error norms in CG-like algorithms for least-
squares and least-norm problems. Numerical Algorithms (97) (2024), 1–28.

[3] G. Meurant, J. Papež, P. Tichý: Block conjugate gradient methods with error
norm estimates for least squares problems. BIT Numerical Mathematics (66)
(2026) 2.
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Design of a vibration absorber

using FEM approximation

Branislav Rehák

A vibration absorber is a device placed on a primary mechanical structure, such
as a robotic arm, with the aim of suppressing the vibrations of the primary
structure. The vibration absorbers are passive and active; the passive one is a fle-
xible structure that is tuned so that its vibrations damp vibrations of the primary
structure, the active ones are, on top of that, equipped by an active control that
can adjust the absorber’s vibrations. While the primary structure is, in reality,
a flexible beam, the design of the absorber is conducted using an approximation
of the primary structure by one elastic element (spring) and one point mass. In
this paper, methods of the design of the absorber using the FEM approximation of
the primary structure will be presented. It will be shown how this design improves
quality of the absorber compared with the traditional design method.

Srovnáńı konformńıch a nekonformńıch element̊u

při modelováńı tenkých skořepin

Petra Rozehnalová

Při konečněprvkových výpočtech tenkých skořepin vyvstává požadavek na C1
spojitost bázových funkćı. Tento požadavek naplňuj́ı konformńı prvky, jejichž
použit́ı ovšem zp̊usobuje velký počet stupň̊u volnosti, což čińı nalezeńı řešeńı př́ılǐs
výpočetně náročným. Naproti tomu nekonformńı prvky tento požadavek nesplňuj́ı,
ale i přesto některé z nich vykazuj́ı dobré vlastnosti při zmiňovaných výpočtech.
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An impact of the FETI gluing conditions on dual

operator conditioning and convergence rate

Adam Růžička, David Horák

FETI-type domain decomposition methods are among the most effective methods
for solving finite element engineering problems. The convergence of an iterative
solver - mostly of conjugate gradients method - can be accelerated by precondi-
tioning (Dirichlet or lumped) or deflation (e.g., using wavelet compression). The
shape of the matrix B gluing subdomains has a huge influence on any of these
convergences. The paper demonstrates the impact of individual variants of con-
necting corner nodes in combination with subsequent scaling of gluing conditions
on the conditioning of the dual operator and the rate of convergence of the solver
on various problems.

Dvoukomponentńı bezpečnostńı otisk

a jeho aplikace

Štěpán Klapka, Adam Rychtář

K ověřeńı integrity přenesených zpráv v komunikačńıch systémech v bezpečnostně
relevantńıch aplikaćıch se použ́ıvaj́ı lineárńı detekčńı kódy. Kromě náhodných
poruch se nyńı pozornost soustřed́ı také na obranu proti úmyslným změnám
telegramů. Dvoukomponentńı bezpečnostńı otisk (DCSH) v sobě kombinuje
oba aspekty a nav́ıc umožňuje kvantifikováńı rizika selháńı v d̊usledku použit́ı
lineárńıch kód̊u. Př́ıspěvek se zabývá vhodným návrhem parametr̊u DCSH
k splněńı bezpečnostńıch kvantitativńıch ćıl̊u, např́ıklad pravděpodobnosti vzniku
nedetekovatelné změny telegramu v modelu binárńıho symetrického kanálu.

19



Solving linear algebraic systems

in spherical RBF interpolation

Karel Segeth

The contribution is concerned with the spherical radial basis function interpolation
of scalar physical data measured at nodes on the surface of a unit sphere in the
3D Euclidean space. We use geodesic metrics, spherical radial basis functions, and
approximation formulas with only a single trend function, quadratic polynomial.
The symmetric matrix of a resulting linear algebraic system is known to be ill-
conditioned and the usual solving methods (Gaussian elimination, Gauss-Jordan
elimination) fail for higher number of nodes.
We have tried to employ a method presented in Golub and Van Loan: Matrix
Computations, which is based on the Cholesky factorization.

Challenges in hydro-mechanical modelling

of fractured media

Jan Stebel

Fluid flow and rock mechanics are key processes governing the safety assessment of
deep geological repositories. Their strong coupling, together with complex fracture
networks, poses significant challenges for mathematical modelling and numeri-
cal simulation. This lecture discusses key issues in hydro-mechanical modelling
of fractured media, including conceptual representation of fractures across mul-
tiple scales, formulation and finite-element approximation of coupled nonlinear
hydro-mechanical models accounting for fracture-matrix interaction, and efficient
numerical solution strategies. Particular attention is paid to monolithic and ite-
rative schemes, solution of contact problems, and parallel domain decomposition
methods for large-scale simulations.
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Adaptace metody inexact restoration

pro nelineárńı optimalizaci stavebńıch

konstrukćı s diskrétńımi a spojitými proměnnými

Tadeáš Světĺık

Př́ıspěvek představuje adaptaci metody Inexact Restoration pro řešeńı nelineárńı
optimalizačńı úlohy se spojitými a diskrétńımi proměnnými. Tato úloha vzniká
při optimalizaci pr̊uřez̊u ocelových prutových konstrukćı, kde spojité proměnné
představuj́ı rozměrové charakteristiky pr̊uřez̊u a diskrétńı proměnné odpov́ıdaj́ı
volbě jejich typu, resp. tvaru. Formulace vycháźı z metody konečných prvk̊u
a z ověřeńı mezńıch stav̊u únosnosti podle platných Eurokód̊u pro ocelové kon-
strukce. Navržený postup je demonstrován na numerických př́ıkladech řešených
v prostřed́ı MATLAB a źıskané výsledky jsou ověřeny v komerčńıho statickém
softwaru.
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Advanced continuation and iterative methods

for slope stability analysis in 3D

Stanislav Sysala

This lecture deals with the solution of slope stability problems in 3D using the
finite element method (FEM) and incremental techniques, including shear stren-
gth reduction (SSR) or limit load (LL) methods. The aim is to reliably determine
the factor of safety (FoS) of the slope and detect possible slip zones. We build on
the Mohr-Coulomb perfectly plastic model, Davis modifications of non-associated
plastic flow, and recent mathematical results that connect the determination of
FoS with optimization problems. To make the SSR and LL methods more ac-
cessible to a mathematical audience, they are also presented in algebraic form
and completed with appropriate assumptions enabling numerical analysis. Then,
the proposed numerical methods are presented in detail. They are a combination
of continuation techniques, Newton-type methods, and deflated Krylov methods
with preconditioning. Furthermore, we propose a methodology reducing the ove-
restimation of FoS caused by spatial discretization. It is based on a combination of
the continuation techniques with FEM mesh adaptivity. The proposed algorithms
are implemented within publicly available Matlab codes and used to investigate
the stability of slopes in 3D. Numerical examples also show that the use of deflated
Krylov methods leads to a significant acceleration of the calculation. The commer-
cial software Comsol Multiphysics is used to compare the numerical results. The
presented results are a joint effort with Michal Béreš, Simona Bérešová, Tomáš
Luber, Zdeněk Michalec, Jaroslav Haslinger and Jakub Kruž́ık.

References
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Scalable domain decomposition solver

for three-grid immersed finite element method

Jakub Š́ıstek

Immersed boundary finite element method (FEM) presents an attractive appro-
ach to simulations avoiding the generation of large body-fitted meshes. This can be
tedious and challenging for complex geometries as well as for very fine adaptive me-
shes distributed over a parallel supercomputer. However, the price to pay is more
complicated formulations for the weak enforcement of Dirichlet boundary conditi-
ons, poor conditioning of stiffness matrices, and nonstandard numerical integration
at the boundary. Motivated by the fact that different components of the immersed
boundary finite element methods have different requirements on grid resolution,
we have developed a method based on three largely independent grids. The grid
for describing the implicit boundary has very fine resolution at the boundary of
the domain, and its resolution is related to geometry details to be resolved. The
finite element grid is used for approximating the solution, with resolution dictated
by properties of the solution as well as by the geometric details at the boundary.
Finally, the quadrature grid is created locally to finite elements in order to evaluate
the volume and boundary integrals required by the weak formulation. All the three
grids are based on adaptive refinements with octrees. We present the multilevel
balancing domain decomposition based on constraints (BDDC) method tailored
to the solution of the linear systems arising in this context. One crucial challenge
is presented by fragmenting of subdomains, which has two sources: i) the parti-
tioning strategy based on space-filling curves, and ii) extraction of the elements
contributing to the stiffness matrix. Numerical results for large-scale Poisson and
linear elasticity problems on complex geometries from engineering will be presen-
ted. The presentation is based on our paper [E. Febrianto, J. Š́ıstek, P. Kůs, M.
Kecman, and F. Cirak. A three-grid high-order immersed finite element method
for the analysis of CAD models. Computer-Aided Design, 173:103730, 2024.]
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On the Dubrulle variant of the block CG method

Petr Tichý

In this talk, we present results on the analysis of a variant of the block conjugate
gradient (CG) method due to Augustin A. Dubrulle, which we refer to as DR-BCG.
We prove that the algorithm is breakdown-free, establish its fundamental proper-
ties, and show that DR-BCG always converges. Numerical experiments demon-
strate that DR-BCG consistently outperforms other block CG variants, including
those based on deflation, both in exact arithmetic and in finite-precision compu-
tations. These results indicate that DR-BCG is a robust and practically relevant
variant of the block CG method.

Solving large sparse linear least-squares:

algorithmic pleasure and occasional

depression over results

Miroslav Tůma

Solving linear least-squares (LS) problems and systems of linear algebraic equati-
ons (LE) belong to basic tasks of numerical linear algebra. Their solvability is
a necessary condition to obtain efficient solution of many higher level tasks of
computational science and engineering. Over the years, the size of the problems
that have to be solved has constantly increased. But, fortunately, many applicati-
ons offer them not as tasks formulated in a black-box form. Instead, the LE and LS
problems often come with a structure visible either as a limited structural density
(sparsity; a substantial part of entries in involved matrices are zeros), data spar-
sity (existence of low-rank subproblems). Moreover, even algorithmic tools to get
the solution may involve well-understood components that involve in a smaller or
larger part approximative procedures.
The talk plans to point out basic ways that could be used to solve LS problems,
primarily based on considering sparsity to tackle large problems.
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Pressure-robust finite element discretizations

for incompressible vocal-fold airflow

Karel Vacek, Petr Sváček

We study incompressible airflow through human vocal folds using an arbitrary
Lagrangian–Eulerian formulation to account for domain motion. The governing
equations are discretized by the finite element method using Taylor–Hood ele-
ments stabilized by SUPG and grad–div techniques, and Scott–Vogelius elements
employed in a static condensation formulation with local projection stabilization
for efficient solution. Simulations with prescribed kinematic vocal-fold motion are
validated against experimental data for the static M5 geometry, and a soft-voice
regime is demonstrated.

On numerical treatment of a class of inverse

problems in heat transfer

Jǐŕı Vala, Oto Přibyl

An appropriate choice of materials for particular layer of high-temperature sensi-
ble heat storages requires their material properties as large thermal capacity and
conductivity, together with their fire resistance. In the design of such storages
a reliable procedure of numerical identification of material parameters is needed.
However, its development leads to ill-posed, unstable, etc. algorithms frequently,
even in the case of simplified geometric and physical settings, as in the case of
hot-wire probes on cylindric measurement configurations. The classical i) nonli-
near least-square approach, based on the semi-analytic formulae for evolution of
temperature in time, is compared with ii) several types of soft-computing approa-
ches, with special accent to genetic algorithms. The aim is to find an appropriate
combination of i), ii) in order to develop a hybrid algorithm that would exploit the
strengths of each of these techniques.
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Modálńı analýza předepjatých hlasivek

Jan Valášek, Prokop Pučejdl

Práce se zabývá modelováńım podélného předpět́ı hlasivek, které významně
ovlivňuje rozložeńı napět́ı v hlasivkách a jejich vibračńı vlastnosti. Proto je nutné
toto předpět́ı odpov́ıdaj́ıćı běžné fonaci zahrnout do realistických matematických
model̊u. Modálńı analýza je provedena na linearizovaném systému sestaveném ko-
lem předepjatého rovnovážného stavu źıskaného z geometricky nelineárńı elastické
formulace. Numerické simulace jsou provedeny na referenčńım modelu M5 a na
dutém silikonovém modelu hlasivky vyvinutém v Ústavu termomechaniky AV ČR,
který lze naladit tlakováńım vodou nebo vzduchem. Źıskané výsledky potvrzuj́ı,
že předpět́ı výrazně zvyšuje vlastńı frekvence hlasivek.

Lower bounds on eigenvalues for the

Euler–Bernoulli beam

Jana Burkotová, Jitka Machalová, Tomáš Vejchodský

We consider the well-know Euler–Bernoulli beam buckling problem. It is an ei-
genvalue problem for one-dimensional linear fourth-order differential operator and
its first eigenvalue models the critical load causing buckling of a beam. The stan-
dard C1 conforming finite element method naturally provides approximations of
this first (and also higher) eigenvalues from above, and, hence, overestimating the
critical load. Therefore, we present a method for computing guaranteed lower-
bounds. The method is based on interpolation error estimates and it is especially
efficient in the case of piecewise constant bending stiffness. The main theoretical
contribution can be seen in generalization of this approach to the case of variable
material coefficients. In addition, it can be applied to the physically more rele-
vant nonlinear Gao beam model with piecewise constant bending stiffness, which
has the same first eigenvalue as the classical Euler–Bernoulli beam. Numerical
experiments demonstrate convergence rates of these bounds.
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Polynomial robustness of the efficiency

of a posteriori estimates

J. Lamač, M. Vlasák

We investigate the efficiency of a posteriori error estimates based on equilibrated
flux reconstructions for high-order methods. We focus on the analysis of an equilib-
rated flux reconstruction σ, where the elementwise contribution is directly obtained
from a single element. The analysis centers on the polynomial dependency of the
efficiency constant with respect to the discretization polynomial degree k. We prove
that the local reconstruction is nearly polynomially robust, exhibiting only a very
weak dependency on k1/2. This result confirms the reliability of single-element flux
reconstructions for efficient error control in high-order simulations.
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