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problems https://desdeo.misitano.xyz/
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Real-world problems: Challenges

« Black-box functions _ _ _ _ _
* Numerical simulations too computationally expensive
*  Non-convex, non-differentiable _ _ _ S
*  Numerical simulations have practical limitations — not all

*  Multimodal aspects of pump performance can be sensibly modelled
« Computationally expensive * Some objectives are very challenging to formulate
exactly

 High dimensional
* The objective space is highly non-linear, most likely

 Multi-objective multimodal
« Incomplete, Noisy « Derivatives (of the objective functions) typically not
available

« Uncertain
. ed-variabl «  Without guidance and simplifications, the complexity of
Mixed-variables the optimization task far exceeds available computational

«  Multi-fidelity power
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\ P4 | Ciomes Hydrodynamic pump

» Centre of Hydraulic Research
SIGMA GROUP a.s.

« Characteristics DIFFUSER

»  Specific speed
IMPELLER

e

* Working range

- Efficiency
* Head
« Cauvitation properties,

« Vibrations,... |:> INFLOW

« Goals driven by customers' needs (specified design point and head, working range, high
efficiency, low purchase and operation price, good mechanical properties, ...)




W o Hydrodynamic pump

* Impeller
adds the kinetic energy to the fluid

« Stator
converts the energy into the static pressure

OUTFLOW >

* Pump stator optimization

« Diagonal pump with axial diffuser
designed for specific speed ns = 200

. Specific speed ny =n - —L2L => INFLOW

(Hopt)0.75




W ol Parametric model ns200

» Diagonal pump with axial diffuser
designed for specific speed ns = 200

« 22 stator geometric parameters

BETA ANGLE
~ DISTRIBUTION

Parameter

O 0O NGOV A WNR

Description

Beta angle - hub - leading edge

Beta angle - hub - relative value at 25%

Beta angle - hub - relative value at 50%

Beta angle - hub - relative value at 75%

Beta angle - hub - value at 95 % - difference to trailing edge value
Beta angle - hub — trailing edge

Outlet diameter — hub

Meridional length— hub

Leading edge position - hub - distance from the inlet
Trailing edge position - hub - distance to the outlet
Sweep angle (defined at the shroud)

Beta angle - shroud - leading edge

Beta angle - shroud - relative value at 25%

Beta angle - shroud - relative value at 50%

Beta angle - shroud - relative value at 75%

Beta angle - shroud - value at 95 % - difference to trailing edge value
Beta angle - shroud — trailing edge

Meridional length — shroud

Leading edge position - shroud - distance from the inlet
Trailing edge position - shroud - distance to the outlet
Outflow angle — hub

Outflow angle - shroud - relative to the hub angle
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High efficiency in the whole working range

Three conflicting objectives:

Pump efficiencies at three different flow rates

* f1 ... pump efficiency at 76% of Qgpr
* f, ... pump efficiency at 100% of Qqpt (flow rate where the pump reaches peak efficiency)
*  f3 ... pump efficiency at 120% of Qgpr

 Problem formulation:

maximize f(x) = (f1(x), f2(x), f3(x))

subjecttox € S

« Several conflicting objectives to be optimized simultaneously

* No single optimal solution -> Pareto set of optimal solutions



v | oo Challenges

« Computationally expensive simulations
 CFD - Computational Fluid Dynamics
« ANSYS CFX

* Fully-transient CFD model
« 154 time-steps per impeller rotations
«  2.34 degrees of an impeller rotation during each time-step
The pump speed 995 rpm
 Time-step value 0.00039157s

« Simulation time 16 - 20 hours
(for one design and flow rate on a common HPC node with 16 CPU cores)

« Maximum number of function evaluations is limited
* Reduction in computational cost is crucial

« Simulation failures
* Objective function evaluation can fail for various reasons (geometry or mesh generation error)

10
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W o Multi-objective optimization

minimize f(x) = {f1(x), f2(x), ..., fr (x)}

subjecttox € S

Several conflicting objectives to be optimized simultaneously

No single, unique optimal solution

A set of Pareto optimal solutions

Decision space x Objective space

Pareto optimal solution:
« Xxis aPareto optimal solution if no other point dominates it.

* Impossible to improve in one objective without worsening at least one
other objective

Pareto front

«  Set of Pareto optimal solutions in objective space

 Represents the set of potentially optimal solutions S

12
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VA Multi-objective optimization

Methods: ]
«  Classical Optimization Methods Based on Mathematical Programming '| ®

7

» Population-Based Metaheuristic Methods

6

Performance indicator: Hypervolume

> @

HV(P) = VOL (U P[y, r]) ’
yE ]

* r... reference point worse than all points in every objective 8

« P...non-dominated set P = {y?,...,y"}

« [y, r]...axis-aligned hyperrectangle f
ly,rl=1{z:y; <z <r,i=1,..,m}

Hypervolume captures both convergence and diversity

« Convergence: solutions closer to the true Pareto front increase HV.

» Diversity: solutions spread across the front cover more objective space and increase HV.
13



v | oomese " Evolutionary Multiobjective
Optimization

« Nature inspired heuristics, population-based approaches

« Population of solutions is manipulated with operations
« Selection

e Crossover

fz‘r
*  Mutation o
o\. ° o
. . . L o
« Pareto optimality is not guaranteed A% o ® T
@\ \\. AR ) [0)
. . . \ e Nix,
« Aims of evolutionary algorithms: B e = s °© =
. ; ; B .\\\ \\\ L] \\\\ [}
«  Diversity preserving mechanism .\'\ o ‘.xfj . e B g
[6) \\\ \\\\ \. ® S
« Convergence towards the Pareto front P =5 WL
e _"~-._ " o 4
® o T

 Dominance-based algorithms: NSGA Il

* Multi-objective vs. Many-objective optimization
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RVEA

Reference vector guided evolutionary algorithm
« Many-objective optimization
. Reference vectors decompose the objective space into subspaces

Algorithm:

STEP 1 Offspring creation

STEP 2 Reference Vector Guided Selection
STEP 3 Reference Vector Adaptation

Cheng R., Jin Y., Olhofer M., Sendhoff B.: A Reference Vector Guided Evolutionary Algorithm for
Many-Objective Optimization, IEEE Transactions on Evolutionary Computation 20(5), 2016.

15
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Reference Vector Guided Selection:
1. Objective value translation:

flei="Fei— zyn
2. Population partition:

f;ri - Ut j
e A TY T
i

P.y = {I;;|k = argmax cos6;; ; }
j={1,...N}

3. Angle penalized distance calculation

4. Elitism selection

16
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Angle penalized distance (ADP):

dij=(1+P(6;;)) Ifil
Penalty function: P(6;;) = K(t/tmax)* 6;;/y,,

Reference Vector Guided Selection

« Convergence - distance between the candidate solution and the ideal point
» Diversity - angle between the candidate solution and the reference vector

Reference Vector Adaptation

Lo r,max __min
Vo,i ° (Zt+1 —Zt+1)

lvo,i ° (ze51" —ze3 O]

Vit1i =

17
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W s Surrogate Models

« Surrogate models are function approximations that can be optimized instead of the true, computationally
expensive objective function

° Surrogates: Gaussian Process Prior: Random Functions Before Seeing Data

« Polynomial Response Surfaces
« Radial Basis Function Model

« Random Forests .
«  Support Vector Regression
* Neural Networks

« Gaussian Process Regression/
Kriging




W o Bayesian Optimization

Problem: minimize f(x),x € X

Bayesian optimization loop
« Build a probabilistic surrogate model

 Maximize an acquisition function balancing

 Exploration — samples unexplored regions to
improve model accuracy

 Exploitation — samples regions predicted to
contain high-quality solutions

« Select the next design point
« Evaluate expensive f(x)

« Update and repeat

Start

Y

1. Generate Sample Points

Y

2. Fit Surrogate Model

Y

3. Maximize Acquisition Function

Y

4. Evaluate Expensive Function

Y

5. Update Dataset

6. Stopping Criterion

Satisfied?

Yes

Return Best
Solution

20
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Surrogate models are function approximations that can be optimized instead of the
underlying, computationally expensive objective function

GP/Kriging models

Provide predicted value and uncertainty information
Multivariate normal distribution y ~ N(0,K)

Gaussian kernel

2

1on  Jlri=xif

k(x,x') = afz exp <_E =1~
l

2
> + O-t 5(x,x’) } —— GPmean m(z) --- ... GPuncertainty +20(z) ]: T;e;(t:i(r:f’;:;;x'))‘

predictive posterior distribution at a new decision vector x*:

p(y*|x*, X,y) = N(k(x*, X)K 'y  k(x*, x*) — k(x*, X)"K~k(X, x*)))

21



W o Bequisition functions

Exploration vs Exploitation

Prediction-based

Error-based 15 1

Lower Confidence Bound

Probability of Improvement

g 0.0
Expected Improvement o
Knowledge Gradient -1.0-
Predictive Entropy Search 13

Max-value Entropy Search

Gaussian Process Regression

| == Black-box objective

= GP posterior mean
95% confidence interval
@ Evaluated points

22
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Improvement

I(X) — JVmin — y(x)

if Y(x) < Ymin

= (Vi — p(x))CFD (Zmin=222 “O)) 4 g(x) PDF (Ymin_#)
min lu'
o (x) o (x)
Iteration 1: Minimize Objective, Refit GP Iteration 2: Minimize Objective, Refit GP Iteration 3: Minimize Objective, Refit GP
204 == Black-box objective = = Black-box objective == Black-box objective
= GP mean = GP mean ' 207 — GP mean
154 GP uncertainty . GP uncertainty . GP uncertainty H
) @ Evaluated points ' @ Evaluated points 154 @ Evaluated points H
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v | oomese " Kriging-assisted evolutionary
multiobjective optimization method

K-RVEA

« suited for computationally expensive problems
« Kriging models as surrogates - uncertainty information is provided along with the predicted value

Selection criterion
« Balance between convergence and diversity
« Diversity: individuals with the maximum uncertainty
« Selection of uncertain individuals
* helps in finding the unexplored regions
« improve the quality of the surrogate
« Convergence: individuals with the minimum APD

Chugh T., Jin, Y., Miettinen K., Hakanen J., Sindhya K. A: Surrogate-assisted Reference
Vector Guided Evolutionary Algorithm for Computationally Expensive Many-objective
Optimization. IEEE Transactions on Evolutionary Computation. 2018, Vol. 22, 1,129-142.

25
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CRVEA Parameters:

920  Initial data set: LHS 46 samples,
37 successfully created

« Number of samples in each
iteration to update the Kriging
model: 3 samples

» Baseline design (84,90,86)

90.0

88.0

86.0

Termination:
o 45 iterations = 135 solutions

* 99 successful samples,
36 failed samples

820 - Diverse representation of the
approximated Pareto front

* Final selected solution:
f1 £2 3 (87.9, 90.3, 87.6)

84.0

80.0

26
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« A posteriori methods
« Diverse set of solutions approximating the Pareto front
« Decision maker (DM) selects the final solution

*  Waste computational resources when generating solution out of DM’s interest

A priori methods
* Focus on DM’s region of interest
« DM provides preferences
* DM selects the final solution from a more restricted set

* Interactive methods
DM is iteratively incorporated in the solution process
DM can learn about the trade-offs and change preferences
« Save computation resources when focusing on DM’s region of interest

28
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optimization

A priori K-RVEA

 Focus on a subregion of the objective space

» Preference information from DM

- Reference vectors v' are adjusted towards the reference point z:*|
r-vt 4+ (1 —r)ve

vt =

|7 - vl + (1= r)ve|| K

where v; = W r € (0,1) controls how much the reference vectors are adjusted

 Model management - solutions with higher uncertainty have a priority

Chugh, T., Kratky T., Miettinen, Jin Y., Makkonen P.. Multiobjective shape design in a ventilation
system with a preference-driven surrogate-assisted evolutionary algorithm. Proceedings of the
Genetic and Evolutionary Computation Conference, pp. 1147-1155, 20109.

29
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92.0

90.0

88.0

86.0

84.0

82.0

80.0

78.0

76.0

74.0

iy priori K-RVER

a priori KRVEA

f1

2

f3

Parameters:

Reference point: (84,90,86)

Termination:

37 iterations = 111 solutions

108 successful solutions,
3 failed solutions

Final selected solution:
no selected solution

DM was not satisfied with the
solutions

Unsuccessful

30
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Goals:

* reduce computational time
« focus only on solutions in a region that is of interest
« DM can learn, gain insight and change preferences

Model management strategy with two criteria:
« achievement scalarizing function (ASF) — solution following DM’s preferences

K
max (w;(f; (x) —2;)) +p 2 wi(fi (%) = ;)
i=1

i=1,..k

« uncertainty information — most accurate solutions = lowest uncertainty values

Pouya Aghaei Pour, Tobias Rodemann, Jussi Hakanen, Kaisa Miettinen:
Surrogate assisted interactive multiobjective optimization in energy system design of buildings,
Optimization and Engineering, Vol 23, pp. 303-327, 2022.

31
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Interactive KRVEA Parameters:
% * Reference point: (84,90,86)
» Reference point. (86,90,86)
» Reference point: (88,90,84)

Termination:
e 30 iterations = 90 solutions
 No failed solutions

- DM was satisfied with the
solutions

« Saving more than 11 days
of computation time

2 * Final selected solution:
(87.3, 90.1, 87.5)

80
f1 2 3

32
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Solution process

pump efficiency
=] =] o o
B o O

@
~J

DM preferences:

@
[2]

« 1stinteraction (84,90,86)
* 2nd interaction (84,90,86)
« 3rd interaction (84,90,86)
« 4th interaction (86,90,86)
« 5th interaction (86,90,86)
« 6th interaction (88,90,84)

pump efficiency
o o
£ o
* \
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pump efficiency
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 Final selected solution:
(87.3, 90.1, 87.5)
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W i Interactive K-RVEA

Method Reference vectors Infill criterion

Improvement
of Kriging
models

(A-posteriori) K-RVEA
A-priori K-RVEA
Interactive K-RVEA

Uniformly distributed
Adjusted to preferences
Adjusted to preferences

Low APD or high uncertainty
Low APD or high uncertainty
Low ASF and low uncertainty

Global in whole objective space
Local in the preferred region
Local close to reference vectors

x1 x2 x3 x4 x5 x6 x7 x8 %9 x10 x11 x12 x13 x14 x15 x16 x17 x18 x19 x20 x21 x22

34
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A posteriori K-RVEA:

Wasting of computational resources

Approximation of the whole Pareto front

A priori K-RVEA

No satisfactory solutions were found

Interactive K-RVEA

Effective model management strategy
Computational resources were saved
Satisfactory solution reflecting DM’s preferences

No failed solutions were generated

Final solutions

91.0

90.0

89.0

88.0

87.0

86.0

— KRVEA (87.9, 90.3, 87.6)

85.0 = aKRVEA (84.8, 89.5, 88.6)

— [KRVEA (87.3, 90.1, 87.5)
84.0

fl f2 3

B.J., Pour P. A., Kratky T., Miettinen K.: Interactive Multiobjective Optimization of an Extremely
Computationally Expensive Pump Design Problem, Engineering Optimization 56(8),1318-1333, 2024.
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W i Offline data-driven optimization

Offline data-driven MOPs:
 No new data are available during the optimization process

« Uncertainty information in the prediction of Kriging is crucial in the selection process to improve the
quality of solutions

Probability of wrong selection

4.5 1 4.5 1

4.0 1 4.0 q

3.5 3.5 4

l

3.0 T 3.0 x2
2 o

2.5 2.5 1

2.0 2.0 4 @

15 1.5 4

1.0 1.0 1

T T T T T T T T T T T T T T T T T T
0.5 10 L5 2.0 2.5 3.0 3.5 4.0 4.5 0.5 10 15 2.0 2.5 3.0 3.5 4.0 4.5



\b4 | e Probabilistic selection approach

Probability of wrong selection B over A
« PDF,(y) * CFDB(y)

Pyrong(A > B) = [["(PDFA(y) |, PDFy(x) dx) dy

2.04

=
w
L

=
o
L

Probability density

o
w
L

Probabilistic selection criterion approach

== Candidate A
= Candidate B

0.0

* Monte Carlo Sampling VS —
« Assignment of individuals to reference vector
« Estimation PDF of APD with kernel density estimation

« Ranking of individuals

T
2.0

T
2.5

Atanu Mazumdar, Tinkle Chugh, Jussi Hakanen, Kaisa Miettinen:
Probabilistic Selection Approaches in Decomposition-based Evolutionary Algorithms for Offline
Data-Driven Multiobjective Optimization. IEEE Transactions on Evolutionary Computation, 2022.

38



W | 5 Probabilistic selection approach

1. Probabilistic Assigment to Reference Vectors
« Estimation PDF of spatial distance

2. Probabilistic Angle Penalized Distance
« Estimation PDF of APD with kernel density estimation
* Ranking of individuals with estimated PDFs of APD

pi
Ri,j — Zszll Pwrong(dn,j > di,j) — 0.5,

Byrong - probability of wrong selection

o
probability

« Empirical CDF from APD samples

[}
[}
rma IITI‘HIHWIIIHIIIW}IHHHHNHIMMT\I e

3. Selection using probabilistic APD |
* The individual with the lowest rank is selected from each subpopulation

Failed samples can no longer be ignored...
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Different forms of constraint
* Feasible regions may be complex, irregular, and disconnected
« Exact explicit formula
« A priori unknown regions of feasible solutions
« Computationally expensive, black box, evaluated by experiment
« Failed samples — binary indicators

Strategy:
* Ignoring failed samples = wasting computational resources
« Constrained Optimization
* Penalization — negative influence on GP model
« Constraint surrogate/classification model

Not entirely straightforward — observation at an infeasible point may yield valuable information

41
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Probabilistic approach
« Surrogate model for constraints
«  Exploration vs exploitation — primary focus on improving the accuracy in areas of promising performance
* Accuracy — sensitive to modeling errors as only a level curve is of interest
«  Probability of feasibility Pr(x € F|x,D)
« Close to zero near the feasibility boarder
*  Encourage infeasible observation when prudent
Expected feasible improvement
. Expected improvement weighted by probability of feasibility
El.(x) = ElI(x) Pr(x € F|x, D)
*  Feasibility incorporated in acquisition function = unconstrained problem
* Infeasible points are allowed to be sampled to improve the overall model quality

«  Multiobjectivisation - maximizing acquisition function and probability of feasibility simultaneously as a bi-objective problem

42



W it Constrained Optimization

Failed samples (& Mesting S|
* Objective function evaluation can fail for various reasons @ e
) This is a general error with severd_posb(e_ causes. Some suggested solutions:
e  Mesh creation error 1 Use Geometry todks and Mesh Dot toacate: rabens
3. Refine the mesh
«  Geometry model cannot handle all parameter combinations K EHEC i CAD kel s praticwa
| s : |
«  Computational fluid dynamics simulation fails to converge e T
* Unknown region of feasible solutions § )

Hard to identify, hard to avoid

The constraint takes the form of inability to calculate the objective function

Strategy

Simply ignore failed samples
«  Wasting computational resources
*  Risk of majority of failed solutions

Classification model for identifying feasible and infeasible solutions

43



\4 | oo Handling simulation failures

Modified selection criterion based on constraint handling

« Classification model provides probability of failure

*  Product of probability of selection of APD and probability of failure classification
failed
R; ;""" = Praitea " Rij
« Individuals with lower probabilistic ranks and lower probability of failure are selected

« Rank the estimated PDFs of APD
|PJ]
Ri,j — z Pwrong(dn,j > di,j) — 0.5
n=1

*  Pyrong - Probability of wrong selection

44
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Deb-Thiele-Laumanns-Zitzler
Scalable Multi-Objective Optimization Test Problems

DTLZ1 - Hard convergence, many local Pareto fronts,
highly multimodal landscape.

DTLZ2 - Smooth spherical Pareto front, convergence and
uniform distribution test.

DTLZ3 - Multimodal Convergence, robustness test against
multimodality and premature convergence.

DTLZ4 - Diversity Preservation, solutions cluster near the
Pareto-front boundaries.

DTLZ5 - Degeneracy, PF is a lower-dimensional manifold.

DTLZ6 - Nonlinear Degeneracy, PF is a lower-dimensional
nonlinear Pareto manifold.

DTLZ7 - Disconnected Pareto Front

03 1
i

DTLZ benchmark problems

DTLZ Benchmark Problems

Hard Convergence
DTLZ1

0.5

04 1!

02 1
0.1

0.0

0.0 0.0
; . 0.1
0.2
0.3

5 0.4 0.4 1)

0.5 0.5
Degenerate Pareto Front
DTLZ5

Baseline Problem

5 08 08 ©
10 1.0
Disconnected Pareto Front
DTLZ7

o 45
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W i DTLZ benchmark problems

1.2 1.2 12
1.01 * enal,, 1.0 hianaa SITVON 1.0{ = e,
DTLZ2 benchmark problem
wo6 w206 «Cos
0.4 .'-,. 0.4 .‘-,. 0.4
0.2 Y 0.2 :.: 0.2
H H
. T ] H } H , :
mlnlmlze fl (x) - (1 + (XZ -~ 0-5)2) ° COS (xl E) 000.0 0.2 0.4 O.fﬁ 08 10 12 DOO.D 0.2 0.4 O.fﬁ 0.8 1.0 1.2 000.0 0.2 0.4 Ofﬁ 0.8 1.0 1.2
1 1 1

minimize f,(x) = (1 + (x, — 0.5)2) - sin (x1 g) (a) (b) (c)

subjectto0<x; <1, i=1,2.
Pareto-optimal solutions x, = 0.5 TR | v ol : og :
Failed region: 0.2 <x; < 0.7, i =1,2. :
0‘%.0 0.2 0.4 0.6 0.8 1.0 0'%.0 0.2 0.4 0.6 0.8 1.0 0'%.0 0.2 0.4 0.6 0.8
X1 X1 X1

(d) (e) (f)



\4 | oo Handling Simmulation Failures

Pump design problem

Initial dataset generated :

LHS 472 samples = 390 successful + 82 failed samples

Number of failed samples:

Generic K-RVEA - 55 samples failed from 57 (96%), 2 samples evaluated
Probabilistic selection criterion - 32 samples failed from 40 (80%), 8 samples evaluated

Modified probabilistic selection criterion with failure handling
- 11 samples failed from 47 (23%), 36 samples evaluated

Atanu Mazumdar, J.B., Tomas Kratky, Tinkle Chugh, Kaisa Miettinen:
Handling simulation failures of a computationally expensive multiobjective optimization problem
iIn pump design, Engineering Applications of Artificial Intelligence, 136, 2024.
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Underlying Objective Space

Handling Simulation Failures

Surrogate Objective Space

design space

Generic K-RVEA RVEA o

« 55 samples failed from 57 (96%) 825

2 samples evaluated , w0

Probabilistic selection criterion (=) (b) (c)
« 32 samples failed from 40 (80%) “"’ 0 Lo

95

T

0.8

° e 3?_5.____; — —
8 samples evaluated KPRVEA o g e .
T 80.0 .
. g agsw - . . i a0 >
Modified probabilistic selection criterion =~ oo V¥ VY W]
(d) © .

with failure handling

« 11 samples failed from 47 (23%)

« 36 samples evaluated CKP-RVEA

90.0
87.5

85.0}—

80.0F-

Surr2

Surr3

cfdl

cfd2

cfd3

x1l %2 x3 =4 x5 x6 x7 xB x9 x10x11x12x13 x14 x15x16 x17 x18 x19 x20 =21 x22

48
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91

KRVEA

e Probabilistic

* Probabilistic
+ classification: 36 solutions

Feasibility ratio Hypervolume RMSE
Generic RVEA 3.60% 6.58e+5 9.54
KP-RVEA 20.50% 6.77e+5 10.03
CKP-RVEA 78.30% 7.13e+5 7.89
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¥ i Summary of results

K-RVEA

« A posteriori method

« Approximation of the whole Pareto front
A priori K-RVEA

* No satisfactory solutions were found
Interactive K-RVEA

« Effective model management strategy

« Computational resources were saved
Probabilistic approach in K-RVEA

« Utilizing uncertainty information from Kriging

« Handling simulation failures
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W S Mixed-variable Optimization

Mixed variables

« Continuous variables — assumed for standard BO

» Discrete, integer variables

« Categorical variables - no ordering

« example in ML: learning rate, type of activation function, number of layers

Challenges

« Construction of effective surrogate model
« Effective search in combinatorial domain for the next sample according to AF

Approaches

« Straightforward -> treating discrete variables as continuous and rounding to the closest integer
« One hot encoding strategy for categorical variables (1,0,0), (0,1,0), (0,0,1)

« Latent representation — variational autoencoders

* Inherently discrete models — neural networks or random forest as surrogate models

» Kernels with discrete distance measures — Hamming distance kernel, ordinal kernel
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W S Mixed-variable Optimization

Expected improvement

Approaches
Na|Ve %li .047 [

« rounding to the closest integer s J —
Basic ] ﬁ

«  rounding inside the wrapper |

that evaluates black box function

- GP ignores the constant behavior " .
Kernel Rounding ol |

- GP respects the constant behavior L i

© k(e x)) = k(T (D), T(x)) . | L

« T(x) rounding transformation

Eduardo C. Garrido-Merchan, Daniel Hernandez-Lobato: Dealing with categorical and integer-

valued variables in Bayesian Optimization with Gaussian processes, Neurocomputing, 380, 2020.
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W S Mixed-variable Optimization

Optimization of the acquisition function

« The acquisition function is defined over the same space
« Nonsmooth acquisition function

* Flat in some regions

« Gradient-based optimization is not suitable

* One-exchange neighbourhood strategy

« Combination with L-BFGS for real variables

Standard GP

Mixed-kernel GP

Continuous variable

Continuous variable

0.5

Standard GP contour

10 15 2.0 2.5 3.0
Integer variahle treated as continuous

Mixed-kernel GP contour

1.0 15 2.0 2.5 3.0
Integer variable

3.5

3.5

4.0

4.0
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W S Multi-fidelity Optimization

Multiple levels of model accuracy

« High fidelity reliable but expensive to evaluate i
« Low fidelity cheap to evaluate but inaccurate, still informative
« Correlation between different fidelity levels

Goals

» Accelerate the optimization

* Reduce optimization cost
 Utilize low-fidelity information

Examples CFD simulations
 Resolution - coarse vs. refined meshes in FEM models
 Level of abstraction — 2D vs 3D model

« Mathematical descriptions - Euler non-cohesive equations vs _
Navier-Stokes equations for Newtonian fluids

« Pump design: steady state vs full transient simulation
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¥ = Multi-fidelity Optimization

 Low-fidelity models accelerate search by providing fast but rough information.
» High-fidelity evaluations are used sparingly to refine promising regions.
* Objective: reduce computational cost while maintaining solution quality.

Approaches

» Scaling-function-based MF modelling
« Multiplicative, additive, hybrid scaling
¢ fMF(x) zfz(x)*lg(x)

- scaling function: : 8(xy;) = £ en)

IRACTD)
« Space mapping (Output-output space)
* mapping LF model’s output space to the HF model’s output space 1D -> 1D
« Co-kriging
» Multi-Fidelity Gaussian Processes
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Co-kriging approach

Number of sample points n, >> n,
Low-fidelity data capture the global trend

1.5 4

High-fidelity data calibrate the model through the discrepancy |

Kennedy and O’Hagan’s autoregressive model

V() = pP,(x) + P,(x)
p scaling factor
y,(x) low-fidelity model

y4(x) model of discrepancy between HF and LF models

Joint covariance matrix

K = K, pK,
pK, p’K,+K;

Objective to minimize, f(x)

1.0 4

0.5

0.0 1

—=1.04

—=1.5 1

Multi-fidelity Optimization

Multi-Fidelity Bayesian Optimization: Minimization

7| == Expensive high-fidelity objective

== Cheap low-fidelity approximation
— MF-GP prediction at high fidelity
Prediction uncertainty
@ Low-fidelity evaluations
High-fidelity evaluations
& Recommended minimum

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Design variable, x
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Multi-fidelity GP surrogate

* Modeled by a joint Gaussian Process over augmented input space
* X -design variable
s - fidelity level

* Product separable kernel k((x, s), (x’,s’)) =k, (x,x")k,(s,s")

« Covariance matrix is learned directly from kernel rather than from an explicit autoregressive model
Acquisition function

» AF to select both the input locations and the fidelity

« Cost-aware AF: (X;4+1,Sn+1) = argmax a(x, s)

El(x,s)

+ Cost-aware Expected Improvement: a(x, s) = - P
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W S Multi-fidelity Optimization

Multi-fidelity Optimization

Optimization of the target task by utilizing low-fidelity simulations

Multi-task Optimization

Several related tasks are tackled simultaneously

Transfer Learning

Optimization of the target task by utilizing similar source information

Multi-objective Optimization

Optimization of conflicting objectives simultaneously

Multiple Information Source Optimization

combine heterogeneous information to improve optimization accuracy and robustness
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Glomous Challenges

Computationally expensive evaluations
Simulation failures

Limited and noisy data

High dimensionality

Multi-fidelity and multi-source data

Thank you for your attention
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