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“Finding a good preconditioner to solve a given sparse linear system is often viewed
as a combination of art and science. Theoretical results are rare and some methods

Ll work surprisingly well, often despite expectations.”
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Microstructure topology optimization
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Mechanical metamaterials

a Lightweight-Strong b Auxetic c Pentamode d Chiral
Metamaterials Metamaterials Metamaterials Metamaterials

&L=,

Adopted from: P. Cai, C. Wang, H. Gao, X. Chen, Meck ials: A Rational Deploy of Forces and Geometries in Programming Functional Materials. Adv. Mater.2021
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Density based approach

Material interpolation (SIMP)

CCxN= NG

Stress eld
=C( ()" f
[2
Averaged (Homogenized) stress
z
1
hom — - X) dx
Vi (x)
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Stress di erence minimization

Stress di erence

diff — target h T
i = R

Averaged (Homogenized) stress

Obijective
nbyeed
argmin = G uy)
i

subjectto r (;u)) =0
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Topology optimization

Optimization problem
Sensitivity (total derivative)

_ @ diff @h
subject to r_{&_u; =0 S= @ * e
h

argmin 9 ;u)

Mechanical equilibrium Constraint
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FFT-accelerated topology optimization

Optimization problem
_ Sensitivity (total derivative)
argmin 9 ;u)

@ diff @h
subject to ‘u)=0 S= e
& e .
Mechanical equilibrium Constraint
FFT-based solver ¥ \ r (;u)= 0\
Adjoint problem
@ dff
FFT-based solver ¥ |r (; )= U
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FFT-based solver - lo
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Adopted from: A variational fast Fourier transform method for phase-transforming materials,” by A. Cruzado et al.

Modelling and Simulation in Materials Science and Engineering (2021). Solved using Abaqus FEA software suite.
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Green’s operator preconditioning ¥ grid size independence

Typical behaviour
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Number of DOFs

condition number

independent of the mesh size
determined by total phase contrast
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Green’s operator preconditioning ¥ grid size independence

Typical behaviour
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Error evolution - condition number bound

linear system
Ku=f

convergence bounds
|

ku uiky 5 IO(K) 1
ku uoky (K)+1

condition number ¥ total phase contrast

K)= n=1
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Error evolution - condition number bound

linear system
Ku=f

convergence bounds

P—— T
ku uiky 5 Ky 1
ku uoky (K)+1

condition number ¥ total phase contrast
(K)= n=1
condition numbers

Green = 100

Bulk modulus (Pa)

100

50 1
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Error evolution - condition number bound
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Convergence of conjugate gradients (CG)

b
ku ukkz,(:krok2 : ¢ |)2; k=1;2;:::
I=1

Adapted from: Laplacian Preconditioning of Elliptic PDEs: Localization of the Eigenvalues of the Discretized Operator, by T. Gergelits et al.
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Convergence of conjugate gradients (CG)

b
ku ukkz,(:krok2 : ¢ |)2; k=1;2;:::
I=1

rst residual (right-hand side, initial guess)
ro="f Kug

distribution of eigenvalues |
weights of eigenvectors

YW=(ro; 1)

rounding errors (' nite precision arithmetic)

Adapted from: Laplacian Preconditioning of Elliptic PDEs: Localization of the Eigenvalues of the Discretized Operator, by T. Gergelits et al.
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1 34 67 100
eigenvalue A;
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Relative error
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Convergence of CG |

Solving system Kou = f

2 3
1 0 0 O
60 34 o0 oé
Ki=2y o 67 o0
0 0 0 100
2 3
Ki 0 0
K,=40 K; 05
0 0 K

P

eigenvalue A;

16 / 45 Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

Errory — 1 1CG( I) 2
— = —1 =
krok =1 K
CG polynomial
21 1 Eigenvalues —— ¢°G, x  Roots of $¢C;
1
0 f=======——————e Fommmmmmmmm e Fommmmmm e
—14
—24
1 3 67 100
eigenvalue A;
107! ®
3 . d
10744 ° q
°
10—74
@ non-zero weights - wi/A;
10710 L T T
1 34 67 100

10°

1014

1024

10734

10744

10754

10764

10774

Relative error

—— K bound

= ihn 65°0)

Gl

-0~ [l up GV [H2]

10

0 30
CG iteration k

40

50



Py oy

Error, — »CG 2
Convergence of CG | e = = K (1)
CG polynomial
Solving system Kau = f 2] v Eemalues  —— 4% x Rootsof %,
2 3 ]
1 0 O 0 ]
K. =80 34 0 0 Z ]
740 0 67 0 i " & 100
O 0 0 100 eigenvalue A;
10*1~=
2 3 ' . 1
K1 0 0 107 N 1
Kr=40 Ky 05 | ’
0 O Kl @ non-zero weights - wi/A;
10710 . . -
1 34 67 100
eigenvalue A;

16 / 45

Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

10°

1014

1024

10734

10744

10754

10764

10774

Relative error

—— K bound

= ihe )

Gl

-0~ [ uy GV A

10

0 30
CG iteration k

40

50



Py oy

Error, — »CG 2
Convergence of CG | e = = K (1)
CG polynomial
Solving system Kau = f 2] v Eiemalues  —— 4% x Rootsof %,
2 3 ]
1 0 O 0 ]
K. =80 34 0 0 Z ]
740 0 67 0 i " & 100
O 0 0 100 eigenvalue A;
10*1~=
2 3 ' . 1
K1 0 0 107 N 1
Kr=40 Ky 05 | ’
0 O Kl @ non-zero weights - wi/A;
10710 . . -
1 34 67 100
eigenvalue A;

16 / 45

Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

10°

1014

1024

10734

10744

10754

10764

10774

Relative error

—— K bound

= ihn 9500

Gl

-0~ [ up GV 2]

10

0 30
CG iteration k

40

50



Convergence of CG |

Solving system Kou = f
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P

krok® ]
. CG polynomial
Solving system Kyu = f 2] Eigmaes  — 65 x
14
3 P Y AR WA
1 0 O 0
_fo 34 0 o0 Z ™
Ki=2y o0 67 05 -
O 0 0 100 ! eigenvalue A; 10
107t g
Ld ' <
K]_ O 0 1044 : q
K,=40 K; 05 .
0 0 K 107
@ non-zero weights - wi/A;
10710 4 " "
1 34 67 100

16 / 45

eigenvalue A

Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

10°

1014

1024

1034

10744

1054

10764

10774

108

Relative error

—— K bound

L)

- [ uy RV [HA]

Gl

10

20 30
CG iteration k

0 50



17 / 45

Convergence of CG |

Solving system Kou = f

Error, —

P

hoee( )’
kr ok? =17 k|
CG polynomial 100 Relative error
21 1 Eigenvalues Gy x  Roots of $<C —— K bound
2 3 1 1071 e b ey !
1 0 O 0 o o= [l ug 2V [H12]
0 3 0 O 107
Ky -1 %ta
0 0 67 05 ] Y
0 0 0 100 . . . )
1 34 67 100 %
2 eigenvalue A 10744 1y
Ki 0 0 g
1074 10754 o
K;=40 K; 059 on.. 6,
L] 1
0 0 K, w4y ° *te .',-:.-.m -_-_-u‘-,\ s.‘,-sv g 105 s
> 3 o ®e . e e Qb
L] v
-7 | ' d -7 J ®
1 0 0 1077 . 10 >
K 2 g ®  non-zero weights - wi/A; ° 8
= —10 —8
3 O O 10 34 67 100 10
0 0 100 eigenvalue A;
Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

10

20 30

CG iteration k

0 50



17 / 45

Convergence of CG |

Solving system Kou = f

Error, —

P

- Lo=CG( ) 2
kr ok? =17 k|
CG polynomial 100 Relative error
21 1 Eigenvalues G, % Roots of <G, —— K bound
2 3 11 1071 e b ey !
1 0 0 0 . o- [ u; BV A
HI
0 34 0 0 107
Ki=30 0 67 05 7 k
0 0 0 100 . . . )
1 34 67 100 %
2 eigenvalue A; 10744 1)
Ki 0 0 g
1074 10754 o
K;=40 K; 059 on.. 6,
[ ] 1
0 0 K 104 .' .';'.'.'.A? '_'.-lr".‘h s.,-sv (WY ~ s 105 Q&;
> 3 o ®e . %0 ob
[ ] \
-7 | ' d -7 J ®
1 0 0 107 . 10 y
K 2 g ®  non-zero weights - wi/A; ° 3
= —10 —8
3 O O 10 34 67 100 10
0 O 100 eigenvalue A;
Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

10

T T =
20 30

0 50
CG iteration k



17 / 45

Convergence of CG |

Solving system Kou = f

Error, —

P

hoee( )’
kr ok? =17 k|
CG polynomial 100 Relative error
21 1 Eigenvalues $°C, x  Roots of $<C —— K bound
2 3 11 1071 e b ey !
1 0 O 0 o o [l U 2V [HI2]
0 3 0 O 107
Ky -1 %ta
0 0 67 05 ] Y
0 0 0 100 . . . )
1 34 67 100 %
2 eigenvalue A 10744 1y
Ki 0 0 g
1074 10754 o
K;=40 K; 059 on.. 6,
L] 1
0 0 K, w4y ° *te .',-:.-.m -_-_-u‘-,\ s.‘,-sv g 105 s
> 3 o ®e . e e ob
L] v
-7 | ' d -7 J ®
1 0 0 1077 . 10 >
K 2 g ®  non-zero weights - wi/A; ° 8
= —10 —8
3 O O 10 34 67 100 10
0 O 100 eigenvalue A;
Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

10

20 30

CG iteration k

0 50



17 / 45

Convergence of CG |

Solving system Kou = f

Error, —

P

hoee( )’
kr ok? =17 k|
CG polynomial 100 Relative error
21 1 Eigenvalues G5 x  Roots of $<C —— K bound
2 3 11 1071 e b ey !
1 0 O 0 o o - us 2V (62
0 3 0 O 107
Ky -1 %ta
0 0 67 05 ] Y
0 0 0 100 . . . )
1 34 67 100 %
2 eigenvalue A 10744 1y
Ki 0 0 g
1074 10754 o
K;=40 K; 059 on.. 6,
L] 1
0 0 K, w4y ° *te .',-:.-.m -_-_-u‘-,\ s.‘,-sv g 105 s
> 3 o ®e . e e ob
L] v
-7 | ' d -7 J ®
1 0 0 1077 . 10 >
K 2 g ®  non-zero weights - wi/A; ° 8
= —10 —8
3 O O 10 34 67 100 10
0 O 100 eigenvalue A;
Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

10

20 30

CG iteration k

0 50



17 / 45

Convergence of CG |

Solving system Kou = f

Error, —

P

hoee( )’
kr ok? =17 k|
CG polynomial 100 Relative error
21 1 Eigenvalues G, x  Roots of $<C —— K bound
2 3 11 1071 e b ey !
1 0 0 0 . o- [ uy BV A
0 3 0 O 107
Ky -1 %ta
0 0 67 05 ] Y
0 0 0 100 . . . )
1 34 67 100 %
2 eigenvalue A 10744 1y
Ki 0 0 g
1074 10754 o
K;=40 K; 059 on.. 6,
L] 1
0 0 K, w4y ° *te .',-:.-.m -_-_-u‘-,\ s.‘,-sv g 105 s
> 3 o ®e . e e ob
L] v
-7 | ' d -7 J ®
1 0 0 1077 . 10 >
K 2 g ®  non-zero weights - wi/A; ° 8
= —10 —8
3 O O 10 34 67 100 10
0 O 100 eigenvalue A;
Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

10

20 30

CG iteration k

0 50



17 / 45

Convergence of CG |

Solving system Kou = f

Error, —

P

hoee( )’
kr ok? =17 k|
CG polynomial 100 Relative error
21 1 Eigenvalues $CCs x  Roots of $<C —— K bound
2 3 11 1071 e b ey
1 0 O 0 o o= [l us 2V [F12]
0 3 0 O 107
Ky -1 %ta
0 0 67 05 ] Y
0 0 0 100 . . . )
1 34 67 100 %
2 eigenvalue A 10744 1y
Ki 0 0 g
1074 10754 o
K;=40 K; 059 on.. 6,
L] 1
0 0 K, w4y ° *te .',-:.-.m -_-_-u‘-,\ s.‘,-sv g 105 s
> 3 o ®e . e e ob
L] v
-7 | ' d -7 J ®
1 0 0 1077 . 10 >
K 2 g ®  non-zero weights - wi/A; ° 8
= —10 —8
3 O O 10 34 67 100 10
0 O 100 eigenvalue A;
Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

10

20 30

CG iteration k

0 50



17 / 45

Convergence of CG |

Solving system Kou = f

Error, —

P

hoee( )’
kr ok? =17 k|
CG polynomial 100 Relative error
21 1 Eigenvalues % x  Roots of $<C —— K bound
2 3 11 1071 e b ey
1 0 O 0 o o= [l us 2V [H2]
0 3 0 O 107
Ky -1 %ta
0 0 67 05 ] Y
0 0 0 100 . . . )
1 34 67 100 %
2 eigenvalue A 10744 1y
Ki 0 0 g
1074 10754 o
K;=40 K; 059 on.. 6,
L] 1
0 0 K, w4y ° *te .',-:.-.m -_-_-u‘-,\ s.‘,-sv g 105 s
> 3 o ®e . e e ob
L] v
-7 | ' d -7 J ®
1 0 0 1077 . 10 >
K 2 g ®  non-zero weights - wi/A; ° 8
= —10 —8
3 O O 10 34 67 100 10
0 O 100 eigenvalue A;
Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

10

20 30

CG iteration k

0 50



17 / 45

Convergence of CG |

Error, — P 1, sCG ( ) 2
kr 0 k2 I = 1 | k I
SoIving system Kou =f CG polynomial - Relative error
21 1 Eigenvaluess —— ¢©G; x  Roots of $<C —— K bound o
2 3 1 107 = G ey
10 0 0 . o~ N
N o]
K 03 0 0 é |
1740 0 67 0 N wl %
0 0 0 100 : : : D
1 34 67 100 Q
2 eigenvalue A; 10744 ‘3@\
Kl 0 0 107! Q%

= 5 ° 10754 %

K:=40 Ki 0 ea 3
0 0 Ky w0l ® .- ."o-.'..'.db? '_'.-lr".‘h s.,-sv (7Y s 101 QE’Q
2 3 74 : ¢ ’ ° . L d . —7 8
1 0 0 10 I . 1077 &
®  non-zero weights - wi/A;
Ks = 20 0 g o " = S w0
0 0 100 eigenvalue A;

Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

10

0 30 40 50
CG iteration k



P
Convergence of CG | ™ =" 1 &1 ~CC6( ) ’

krok® ]
Solving system Kou = f CG polynomial
21 1 Eigenvaluess —— ¢CCq % Roots of <G
3y
10 0 0 .
K, =80 34 0 0 é A ~
740 0 67 © N
0 0 0 100 . . .
1 34 67 100
eigenvalue A;
Ki 0 0 .
K;=40 K; 059 on..
0 0 Ky w0l ® .-."o-.'..'.db?'_'.ﬁ:.\ ‘b-‘."bv\-s s
21 0 O 3 o] ° ° ° . . ,
®  non-zero weights - wi/A; °
Ks = 20 0 g i 3 67 100
0 O 100 eigenvalue A;

17 /45 Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

10°

10714

1024

10734

10744

10754

10764

10774

108

Relative error

—— K bound

—e 50

Gl

-0~ [l ug GV [H2]

10

R
CG iteration k

40



Convergence of CG |

Solving system Kou = f

3
1 0 0 O
60 34 0 0 é
Ki=2y 0 &7 o0
0 0 0 100
3
Ki 0 0
K,=40 K; 09
0 0 K
2 3
1 0 0
Kz = 20 0 5
0 0 100

17 / 45

P

Errory — 1 1CG( I) 2
— = —
krok =1 K
CG polynomial
21 1 Eigenvaluess —— ¢CC x  Roots of $¢Cg
A
A
OTRY
_14
_2]
1 3 67 100
eigenvalue A;
10*14
®
..‘Mo °
1044 % ‘“'&m ....ﬁ:."“h:..‘* VR o s
o 0% o, P ° - o o
° ° e ° ° ° ° i
1077 ° [ 4
®  non-zero weights - wi/A; °
107104 T T
1 34 67 100

eigenvalue A

Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

10°

10714

1024

1034

10744

10754

10764

10774

Relative error

CG iteration k

—— K bound
1
— ke
0 10 20 30 40

50



Convergence of CG |

Solving system Kyu = f

3
1 0 0 O
60 34 0 o0 é
Ki=2y 0 67 o0
0 0 0 100
3
Ky 0 0
K,=40 K; 05
0 0 K,
2 3
1 0 0
Ks = 20 0 g
0 0 100

K4 = K3 + sparse weights
L] !| = (f KUO; |)

18 / 45

P

eigenvalue A

Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

Errore — L - CG( ) 2
ro k I =1 | k I
CG polynomial 100 Relative error
21 Eigenvalues —— ¢°G; x  Roots of $¢Cy —— K bound o
1 107 = Nk fdkeon
—-o-- [l up BV [12]
0
10—2 4
—11 .1
—2 1072 ‘9
3 67 100 .
eigenvalue A; 10™
107 10-5
. ° 4
1074 4 106
1077+ 107
non-zero weights - wi/A;
107104 T v 1078 +——— v v T
1 34 67 100 0 10 20 30 40

CG iteration k

50



P
1 - 2
Convergence of CG | &% =" 2, & 7£C( )
Solving system Kau = f fo
2 3 CG polynomial 100 Relative error
1 0 0 O 21 | Eigenvalues —— ¢<C; x  Roots of $¢C; —— K bound
0 3 0 O é 1 10 e O
K= 0 0 67 0 . _ . —o- [ uy BV A
0 0 0 100 -t L
2 3 —2 1073 !
Ky O 0 1 u 67 100 10_47&3
K2 — 4 0 Kl 0 5 eigenvalue A; a‘)
0 0 Ki al . ) 10759 |
21 0 0 3 107 w0l |
K3 = 90 E . O g 7 ®  non-zero weights - wi/\, o
0 0 100 00T 3 67 100 W | 0 20 30 40 50
eigenvalue A CG iteration k

K4 = K3 + sparse weights
L] !| = (f KUO; |)

18 / 45 Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples



P
Convergence of CG | E"°”‘ = ,:1!—| TS ) ’

rok?
Solving system Ko u = f fo
21 . . . 3 i - I CG po:/Crlomial - - 100 RelativTJ err:r
1 igenvalues ~ —— 2 x 00ts O 2 —— K boun
0 3 0 O 1 107t e Db o)
Kl = § é —-o- [l up BV 121
0 0 67 O 0 o]
0 0 0 100 -1
2 3 -2 10734
Ky O 0 1 u 67 100 RE
eigenvalue A; 10 \
K,=40 K; 05
10714 .
0 O Kl . R { 1075
0 o° T o
— . 1077 107
K3 - 20 - O g ®  non-zero weights - wi/A;
0 0 100 00T 3 67 100 o 0 20 30 40
eigenvalue A CG iteration k

K4 = K3 + sparse weights
L] !| = (f KUO; |)

18 / 45 Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

50



P
Convergence of CG | E"°”‘ = ,:1!—| TS ) ’

rok?
Solving system Ko u = f fo
21 . . . 3 i - I CG po:/Crlomial - - 100 RelativTJ err:r
1 igenvalues ~ —— 3 x 00ts O 3 —— K boun
0 3 0 O 1 107t e Db ko)
Kl = § é —-o- [l us BV 2]
0 0 67 O 0 oe]
0 0 0 100 -1
2 3 -2 10734
Kl 0 0 1 3% _ 67 100 "
eigenvalue A; 10
K,=40 K; 05
10714 .
0 O Kl . R { 1075
0 o° T o
— . 1077 107
K3 - 20 - O g ®  non-zero weights - wi/A;
0 0 100 00T 3 67 100 o 0 20 30 40
eigenvalue A CG iteration k

K4 = K3 + sparse weights
L] !| = (f KUO; |)

18 / 45 Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

50



P
N 1, 5 2
Convergence of CG | &% =" 2, & 7£C( )
Solving system Kau = f 0
2 3 CG polynomial Relative error
1 0 O 0 10°
21 1 Eigenvalues —— ¢<C, x  Roots of $¢C, — K[%Edljc .
K, =80 3 0 0 é N / \ - == Nk ooy
1740 0 67 0 , cor YT
0 0 0 100 N 0
2 3 —2 1072
Ky 0 0 1 3 67 100 ~
K2 =4 0 Kl 0 5 eigenvalue A; 107
O O K]_ 10714 10-5
2 3 . ) 1
1 O O 107 10~
K3 = 90 0 g 10774 1077
O 0 100 o ®  non-zero weights - wi/A; oo
1 34 67 100 10 20 30 40
eigenvalue A CG iteration k

K4 = K3 + sparse weights
L] !| = (f KUO; |)

18 / 45 Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples

50



It is not that easy ...

Contents lists available at ScienceDirect

9 Linear Algebra and its Applications

r e
EI SEVIER journal homepage: www.elsevier.com /locate/laa

Towards understanding CG and GMRES through |

examples ey

Erin Carson®*', Jorg Liesen ", Zdenék Strakos ™

* Faculty of Mathematics and Physics, Charles University, Prague, Czech Republic
b Institute of Mathematies, TU Berlin, Strafle des 17. Juni 136, 10623 Berlin,
Germany

19 / 45 Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples



Route map

Motivation: Convergence of CG-accelerated
Microstructure topology FFT-based solvers
optimization
Convergence of the Eigenvalues of Green’s operator
_—

conjugate gradient (CG) preconditioned system
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Discrete Green’s operator preconditioning

original problem

r F(x) : ("{(;r) ru(x)i =0

original linear system

o5 =\ s
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Discrete Green’s operator preconditioning

original problem reference problem
r F(x) : ({;— ru(x); =0 r Fref : ("{—lz— ru(x); =0
) x)
original linear system reference linear system
25067 D i RS R
K u Kre re
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Discrete Green’s operator preconditioning

original problem reference problem
r F(x) : ({;— ru(x); =0 r Fref : ("{"Z' ru(x); =0
) x)
original linear system reference linear system
5167 T e SR T 1
Kre fl’e

discrete Green S operator precondltloned linear system
1 1
(Kref) Ku= (Kref) f
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Eigenvalue bounds

discrete Green’s operator preconditioned linear system
K |= IKI’ef |

for every basis function ~!

%J: max , max (Crer) 1C(X) )
xX2supp

If: min , min (Crer) 1C(X)
xX2supp ”
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Homogeneous subdomain

reference data
C(X)= Cref X2 Ysup

Eigenvalue bounds

P =esssup  max (Cref) *C(X)
X2Ysub

k: €s min (Cref) 1C(X)

s inf
X2Ysub
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Homogeneous subdomain

23 /45

C]_ - 05 Cref
Cy =2Cet
y
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- M
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C(X) = Cref X 2 Ysub
1.25- AEAXEX X
Eigenvalue bounds 1.00 1
U _ 1 _ 0.75 1
K =esssuUp  max (Cref) "C(X) =
X2Y sub 0.50 A
L ’ L 3 . . . . . . . . .
k =essinf min (Crer) "C(X) = 1 7 13 19 25 31 37 43 49
X2Ysub k
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Homogeneous subdomain
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Homogeneous subdomain
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Interfaces
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Route map

Motivation: Convergence of CG-accelerated
Microstructure topology FFT-based solvers
optimization
Convergence of the Eigenvalues of Green’s operator
conjugate gradient (CG) preconditioned system
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Laminate: Clustering of eigenvalues
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Laminate: Sparsity of weights | ¥i = (ro; )
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Laminate: More phases ¥ more clusters
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Laminate: The e ect of the material contrast
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Laminate: The e ect of the material contrast
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Laminate: The e ect of the material contrast
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Non-uniform distribution of clusters

Eigenvalues distribution C
onvergence

0 200 400 600 800 1000 0 10 20 30 40 50
Adopted from: Towards understanding CG and GMRES through examples, by Erin Carson and Jorg Liesen
and Zden&k Strakos, Linear Algebra and its Applications (2024).
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Route map
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Microstructure topology —
T FFT-based solvers
optimization
Convergence of the Eigenvalues of Green’s operator
conjugate gradient (CG) preconditioned system
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smooth - €igenvalues
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sharp - €igenvalues
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E ective Spectrum of the Preconditioned System
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E ective condition number:
cp+(t 1)c
€ M! T maxf 1t 1g
(t Doa+c

40/ 45

Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples



Saturation of €
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Non-linear elasticity

Material dataC (" gev (X)) depends on the deviatoric stralhye, (x) locally at each poinix.
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The take-home message

The discrete Green's operator preconditioner woeksonably swprisngly well for
linear homogenization problems with piecewise constant material data.

Microstructure geometry plays a key role in determining the convergence rate c
CG-accelerated FFT-based solvers.
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arXiv:2508.02613

Locally enriched FEM with FFT-based preconditioning for 2D homogenization
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Laminate: number of iteration
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Cosine geometry: number of iteration

8/17 Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples



n-laminate: low contrast: "random” initial guess
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n-laminate high contrast: "random" initial guess
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Periodic geometry: "random" initial guess
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Periodic geometry with voids (in nite contrast) : random initial guess
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Cosine geometry with voids (in nite contrast)
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Homogeneous subdomaif;e; 6 aA (x) Put this into appendix

reference data
At & aA(x) X2 sub
bounds
k =essinf i (Aw) "A(x) 61=

sub

Y =esssup max (A JA(X) 61=

ref
X2 sub
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Example:A ¢ 6 aA (X)
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Example:A ¢ 6 aA (X)
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Example: A 6 aA(X)

Aref =

0
1 A1

1
0

201 ° k A
E .,......o"..'
18 — L see?
k
1.6 ...oo'o
1.4 A o
o0
12 ....0..
. 1 (X 3]
o'..
10{ =
1 7 13 19 25 31 37 43 49
k

17 /17

Martin Ladecky: Towards understanding CG-accelerated FFT-based solvers through examples




	Motivation: Microstructure topology optimization 
	Convergence of the conjugate gradient (CG)
	Eigenvalues of Green's operator preconditioned system
	Convergence of CG-accelerated FFT-based solvers 
	Appendix
	Jacobi-Green preconditioner 


