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Microstructure topology optimization
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Mechanical metamaterials

Adopted from: P. Cai, C. Wang, H. Gao, X. Chen, Mechanomaterials: A Rational Deployment of Forces and Geometries in Programming Functional Materials. Adv. Mater.2021
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Density based approach

� Material interpolation (SIMP)

C(�(x)) = �(x)C0

� Stress �eld

� = C(�(x)) : "

� Averaged (Homogenized) stress

�hom =
1

jYj

Z
�(x) dx
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Stress di�erence minimization

� Stress di�erence

�diff
i = k�target

i � �hom(�; �"i)| {z }
Averaged (Homogenized) stress

k2

� Objective

arg min
�

=

nb loadX

i

�diff
i (�;ui)

subject to r � �(�;ui) = 0

Ctarget : ε̄1 −→ σtarget
1

Ctarget : ε̄2 −→ σtarget
2

Ctarget : ε̄3 −→ σtarget
3
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Topology optimization

� Optimization problem

arg min
�

�diff(�;u)

subject to r � �(�;u)| {z }
h

= 0

� Sensitivity (total derivative)

S =
@�diff

@�
+ � � @h

@�

� Mechanical equilibrium Constraint

r � �(�;u) = 0

� Adjoint problem

r � �(�;�) = �@�
diff

@u
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FFT-accelerated topology optimization

� Optimization problem

arg min
�

�diff(�;u)

subject to r � �(�;u)| {z }
h

= 0

� Sensitivity (total derivative)

S =
@�diff

@�
+ � � @h

@�

� Mechanical equilibrium Constraint

FFT-based solver �! r � �(�;u) = 0

� Adjoint problem

FFT-based solver �! r � �(�;�) = �@�
diff

@u
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FFT-based solver - loglinear complexity

Adopted from: A variational fast Fourier transform method for phase-transforming materials,” by A. Cruzado et al.

Modelling and Simulation in Materials Science and Engineering (2021). Solved using Abaqus FEA software suite.
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Green’s operator preconditioning ! grid size independence

Typical behaviour
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� independent of the mesh size
� determined by total phase contrast
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Error evolution - condition number bound
� linear system

K u = f

� convergence bounds

ku � ukkK
ku � u0kK

� 2

 p
�(K)� 1p
�(K) + 1

!k

� condition number ! total phase contrast

�(K) = �N=�1

� condition numbers

�Green = 100
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Error evolution - condition number bound
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Convergence of conjugate gradients (CG)

ku � ukk2K = kr0k2
NX

l=1

!l
�l

�
’CGk (�l)

�2
; k = 1; 2; : : :

� �rst residual (right-hand side, initial guess)

r0 = f �Ku0

� distribution of eigenvalues �l

� weights of eigenvectors

!l = (r0;�l)

� rounding errors (�nite precision arithmetic)

Adapted from: Laplacian Preconditioning of Elliptic PDEs: Localization of the Eigenvalues of the Discretized Operator, by T. Gergelits et al.
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Convergence of CG |
ku�ukk2K
kr0k2

=
PN
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18 / 45 Martin Ladecký: Towards understanding CG-accelerated FFT-based solvers through examples



Convergence of CG | Errork
kr0k2

=
PN

l=1
!l
�l

�
’CGk (�l)

�2

Solving system Ka u = f

K1 =

2
664

1 0 0 0
0 34 0 0
0 0 67 0
0 0 0 100

3
775

K2 =

2
4
K1 0 0
0 K1 0
0 0 K1

3
5

K3 =

2
64

1 0 0

0
. . . 0

0 0 100

3
75

K4 = K3 + sparse weights
�! !l = (f �Ku0;�l)

1 34 67 100
eigenvalue λi

−2

−1

0

1

2

CG polynomial

Eigenvalues ϕCG2 Roots of ϕCG2

0 10 20 30 40 50
CG iteration k

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100
Relative error

κ bound
∑N

l=1
ωl
λl

(
ϕCG2 (λl)

)2

‖u− u2‖2
K/‖r0‖2

1 34 67 100
eigenvalue λi

10−10

10−7

10−4

10−1

non-zero weights - wi/λi
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It is not that easy ...
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Route map

Motivation:
Microstructure topology

optimization

Convergence of the
conjugate gradient (CG)

Eigenvalues of Green’s operator
preconditioned system

Convergence of CG-accelerated
FFT-based solvers
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Discrete Green’s operator preconditioning

Y

� original problem

r � C(x) : (�"+r~u(x))| {z }
�(x)

= 0

� original linear system

r �C(x) : r| {z }
K

~u(x)| {z }
u

= �r �C(x) : �"| {z }
f

� reference problem

r � Cref : (�"+r~u(x))| {z }
�(x)

= 0

� reference linear system

r �Cref : r| {z }
Kref

~u(x)| {z }
u

= �r �Cref : �"| {z }
f ref

� discrete Green’s operator preconditioned linear system

(Kref)
�1
K u = (Kref)

�1
f
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21 / 45 Martin Ladecký: Towards understanding CG-accelerated FFT-based solvers through examples



Eigenvalue bounds

� discrete Green’s operator preconditioned linear system

K�l = �IK
ref�l

� for every basis function ’I

�U
I = max

x2supp’I
�max

�
(Cref)

�1C(x)
�
;

�L
I = min

x2supp’I
�min

�
(Cref)

�1C(x)
�

Y

φI

Supports of ’I
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Homogeneous subdomain

Y

Ysub

� reference data

C(x) = �Cref x 2 Ysub

� Eigenvalue bounds

�U
k = ess sup

x2Ysub

�max

�
(Cref)

�1C(x)
�

= �

�L
k = ess inf

x2Ysub

�min

�
(Cref)

�1C(x)
�

= �
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Interfaces
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Laminate: number of phases ! number of iterations
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Laminate: Clustering of eigenvalues
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Laminate: Sparsity of weights | !i = (r 0;�i)
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Laminate: More phases ! more clusters
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Laminate: More interphases ! more non-zero weights | !i = (r 0;�i)
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Laminate: The e�ect of the material contrast
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Laminate: the material contrast | Errork
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Non-uniform distribution of clusters

Eigenvalues distribution
Convergence

Adopted from: Towards understanding CG and GMRES through examples, by Erin Carson and Jörg Liesen
and Zdeněk Strakoš, Linear Algebra and its Applications (2024).
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Route map

Motivation:
Microstructure topology

optimization

Convergence of the
conjugate gradient (CG)

Eigenvalues of Green’s operator
preconditioned system

Convergence of CG-accelerated
FFT-based solvers
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� smooth - eigenvalues
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� smooth - eigenvalues
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� smooth - eigenvalues
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� sharp - eigenvalues
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� sharp - eigenvalues
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� sharp - eigenvalues
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E�ective Spectrum of the Preconditioned System

eigenvalue

� min =
c1

cref
� max =

c2

cref

forbidden forbiddene�ective spectrum

" "

� E�ective eigenvalues:
� e�

min �
c1

cref
+ "; � e�

max �
c1

cref
� "

� Gap:

" =
c2 � c1

t � cref

� E�ective condition number:

� e� �
c1 + ( t � 1)c2

(t � 1)c1 + c2

� !1����! maxf 1; t � 1g
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Saturation of� e�
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Non-linear elasticity
Material dataC(" dev (x )) depends on the deviatoric strain" dev (x ) locally at each pointx .
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The take-home message

� The discrete Green's operator preconditioner worksreasonably surprisingly well for
linear homogenization problems with piecewise constant material data.

� Microstructure geometry plays a key role in determining the convergence rate of
CG-accelerated FFT-based solvers.
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M.L., Ivana Pultarov�a , Francois Bignonnet, Indre J•odicke, Jan Zeman, and Lars Pastewka
arXiv:2508.02613

Locally enriched FEM with FFT-based preconditioning for 2D homogenization
of highly contrasted piecewise constant media.
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Jacobi-Green preconditioner
� Green preconditioning

F � 1( bK ref)
� 1

F
| {z }

K � 1
ref

Ku = 0

� Jacobi preconditioning (diagonal scaling)

D := diag(K )

D � 1Ku = 0

� Jacobi-Green preconditioning

D � 1
2 F � 1( bK ref)

� 1
F

| {z }
K � 1

ref

D � 1
2

| {z }
M � 1

Ku = 0
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n-laminate
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Laminate: number of iteration
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Cosine geometry: number of iteration
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n-laminate: low contrast: "random" initial guess
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n-laminate high contrast: "random" initial guess
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Periodic geometry

11 / 17 Martin Ladeck�y: Towards understanding CG-accelerated FFT-based solvers through examples



Periodic geometry: "random" initial guess
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Periodic geometry with voids (in�nite contrast) : random initial guess
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Cosine geometry with voids (in�nite contrast)
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Homogeneous subdomain:A ref 6= aA (x ) Put this into appendix

� reference data

A ref 6= aA (x ) x 2 
 sub

� bounds
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k = ess inf

x 2 
 sub

� min
�
(A ref) � 1A (x )

�
6= 1=�

� U
k = ess sup
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 sub
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�
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ref A (x )
�

6= 1=�

(A ref)
� 1

z }| {�
1 0
0 1

� � 1

A
z }| {�

1 0
0 1:5

�
�! 1 1:5

(A ref)
� 1

z }| {�
1 0
0 1

� � 1

A
z }| {�

2 0
0 1:8

�
�! 1:8 2
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Example:A ref 6= aA (x )

� A ref =
�

1 0
0 1

�
A 1 =

�
1 0
0 1

�
A 2 =

�
2 0
0 2

�
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