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Introduction

Introduction

On slope stability analysis:
geotechnical application: natural slopes, embankments (dams or river)

multiphysical approach: mechanics + porous flow + others

determination of slope factors of safety (FoS)

estimation of failure mechanisms (slip surface)
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Introduction

Aims of our research in this field

Investigated approach to slope stability analysis:
Continuum mechanics, elasto-plastic models, finite elements

Limit load (LL) method – parametrization of external forces

Shear strength reduction (SSR) method – reduction of selected material parameters

Selected numerical difficulties:
overestimation of FoS caused by discretization errors

solution of ill-posed and ill-conditioned systems of equations

solution of large scale problems in 3D

Aims:
Proposal of convenient numerical methods for slope stability in 3D.

Development of open-source software on slope stability.

Analysis of abstract mathematical problems inspired by stability analysis.
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Introduction

Outline
1. Abstract algebraic problems in Rn inspired by slope stability:

Solvability analysis & FoS

Ideas of the limit load (LL) and shear strength reduction (SSR) methods

Advanced continuation technique for finding FoS

2. Advanced iterative methods:
Combination of continuation, Newton and deflated Krylov methods

Implementation details

Illustrative numerical examples

3. Analysis of discretization errors:
Extension of the LL and SSR methods to Hilbert spaces

Analysis of discretization errors & overestimation of FoS

Illustrative numerical examples

4. Slope stability problem and advanced examples:
Mohr-Coulomb elasto-plastic model & Davis’ modification of the LL and SSR methods

Remarks to coupling of slope stability with nonlinear porous flow

Numerical examples inspired by geotechnical practice
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1. Abstract algebraic problems inspired by slope stability

Abstract convex optimization problem

(P) find u� 2 Rn : J (u�) � J (v) 8v 2 Rn; J (v) := I(v)� b>v

Basic assumptions:
I is convex and continuously differentiable, I(0) = 0 =) F (u�) = b; F = rJ
I is coercive, i.e., 9c1 > 0; c2 � 0 : I(v) � c1kvk � c2 8v 2 Rn

Solvability condition for (P) via limit analysis: [Bouchitte, Suquet 1982]

(LA) t� = inf
v2Rn

b>v=1

I1(v) = inf
v2dom I1
b>v=1

I1(v); I1(v) := lim
ω!+1

1
!
I(!v)

I1 : Rn ! R [ f+1g – recession (asymptotic) function to I [Rockafellar 1970]

t� > 1 =) J is coercive =) (P) has a nonempty and bounded solution set

t� < 1 =) J is unbounded from below =) (P) has no solution

t� = 1 =) the solution set to (P) is either empty or unbounded

t� represents the factor of safety (FoS) in engineering practice

available analytical bounds of t� in slope stability [Drucker et al. 1951, 1952]

Stanislav Sysala et al. Methods for slope stability analysis in 3D PANM23, Hejnice 18.6.26 5 / 38



1. Abstract algebraic problems inspired by slope stability

Abstract convex optimization problem

(P) find u� 2 Rn : J (u�) � J (v) 8v 2 Rn; J (v) := I(v)� b>v

Basic assumptions:
I is convex and continuously differentiable, I(0) = 0 =) F (u�) = b; F = rJ
I is coercive, i.e., 9c1 > 0; c2 � 0 : I(v) � c1kvk � c2 8v 2 Rn

Solvability condition for (P) via limit analysis: [Bouchitte, Suquet 1982]

(LA) t� = inf
v2Rn

b>v=1

I1(v) = inf
v2dom I1
b>v=1

I1(v); I1(v) := lim
ω!+1

1
!
I(!v)

I1 : Rn ! R [ f+1g – recession (asymptotic) function to I [Rockafellar 1970]

t� > 1 =) J is coercive =) (P) has a nonempty and bounded solution set

t� < 1 =) J is unbounded from below =) (P) has no solution

t� = 1 =) the solution set to (P) is either empty or unbounded

t� represents the factor of safety (FoS) in engineering practice

available analytical bounds of t� in slope stability [Drucker et al. 1951, 1952]

Stanislav Sysala et al. Methods for slope stability analysis in 3D PANM23, Hejnice 18.6.26 5 / 38



1. Abstract algebraic problems inspired by slope stability

Abstract convex optimization problem

(P) find u� 2 Rn : J (u�) � J (v) 8v 2 Rn; J (v) := I(v)� b>v

Basic assumptions:
I is convex and continuously differentiable, I(0) = 0 =) F (u�) = b; F = rJ
I is coercive, i.e., 9c1 > 0; c2 � 0 : I(v) � c1kvk � c2 8v 2 Rn

Solvability condition for (P) via limit analysis: [Bouchitte, Suquet 1982]

(LA) t� = inf
v2Rn

b>v=1

I1(v) = inf
v2dom I1
b>v=1

I1(v); I1(v) := lim
ω!+1

1
!
I(!v)

I1 : Rn ! R [ f+1g – recession (asymptotic) function to I [Rockafellar 1970]

t� > 1 =) J is coercive =) (P) has a nonempty and bounded solution set

t� < 1 =) J is unbounded from below =) (P) has no solution

t� = 1 =) the solution set to (P) is either empty or unbounded

t� represents the factor of safety (FoS) in engineering practice

available analytical bounds of t� in slope stability [Drucker et al. 1951, 1952]

Stanislav Sysala et al. Methods for slope stability analysis in 3D PANM23, Hejnice 18.6.26 5 / 38



1. Abstract algebraic problems inspired by slope stability

Abstract convex optimization problem

(P) find u� 2 Rn : J (u�) � J (v) 8v 2 Rn; J (v) := I(v)� b>v

Basic assumptions:
I is convex and continuously differentiable, I(0) = 0 =) F (u�) = b; F = rJ
I is coercive, i.e., 9c1 > 0; c2 � 0 : I(v) � c1kvk � c2 8v 2 Rn

Solvability condition for (P) via limit analysis: [Bouchitte, Suquet 1982]

(LA) t� = inf
v2Rn

b>v=1

I1(v) = inf
v2dom I1
b>v=1

I1(v); I1(v) := lim
ω!+1

1
!
I(!v)

I1 : Rn ! R [ f+1g – recession (asymptotic) function to I [Rockafellar 1970]

t� > 1 =) J is coercive =) (P) has a nonempty and bounded solution set

t� < 1 =) J is unbounded from below =) (P) has no solution

t� = 1 =) the solution set to (P) is either empty or unbounded

t� represents the factor of safety (FoS) in engineering practice

available analytical bounds of t� in slope stability [Drucker et al. 1951, 1952]

Stanislav Sysala et al. Methods for slope stability analysis in 3D PANM23, Hejnice 18.6.26 5 / 38



1. Abstract algebraic problems inspired by slope stability

Limit load (LL) method – idea

Definition of t� via parameterization of b: Jt (v) := I(v)� tb>v

(Pt ) find ut 2 Rn : Jt (ut ) � Jt (v) for all v 2 Rn; or F (ut ) = tb

t� = supremum of t � 0 such that (Pt ) has a solution

Example in R1:

I(v) =

( 1
2 v2; jv j � 1

jv j � 1
2 ; jv j � 1;

b = 1

t < 1 () unique minimum

t > 1 =) no minimum

t� = 1
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1. Abstract algebraic problems inspired by slope stability

Advanced continuation method for �nding t �

Relationship between the LL and LA methods:

(LA) t � = inf
v2R n

b> v=1

I 1 (v ) = lim
!!+1

inf
v2R n

b> v=1

1

!
I(!v ) = lim

!!+1

1

!
inf

v2R n

b> v=!

I(v )

(S! ) given ! > 0; �nd (u ! ; t ! ) 2 R n � R + : F (u ! ) = t ! b; b> u ! = !:

b 6= 0 =) (u ! ; t ! ) exists, u! solves (Pt ) for t := t ! , and t! is unique

 : ! 7! t ! is continuous, nondecreasing and  (!) ! t � as ! ! +1

! is adaptively increased in order to �nd t �

6

-�
�
�
�

t

 (!)
t �

!
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1. Abstract algebraic problems inspired by slope stability

Shear strength reduction (SSR) method � idea

Parametrization and related FoS:

J � (v ) := I � (v ) � b > v; � � � 0 ; � 0 2 (0; 1]; I � = I for � = 1

(P� ) �nd u � 2 R n : J � (u � ) � J � (v ) for all v 2 R n; or F� (u � ) = b

� � := supremum of � � � 0 such that (P� ) has a solution

Basic assumptions:

I � is convex, coercive, continuously di�erentiable for any � � � 0

� 1 � � 2 =) I � 1 � I � 2

J � 0 is coercive in Rn

+ other assumptions

Solvability conditions:

� � > 1 =) J is coercive =) (P) has a nonempty and bounded solution set

� � < 1 =) J is unbounded from below =) (P) has no solution

� � = 1 =) the solution set to (P) is either empty or unbounded
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1. Abstract algebraic problems inspired by slope stability

Illustration of the SSR method in R 1

J � (v) := I � (v) � v ; where I � (v) =
1

�
I(v); I(v) =

( 1
2 v2 ; jv j � 1

jv j � 1
2 ; jv j � 1;

b = 1

� < 1 () J � has a unique minimum at v = �
� = 1 =) J � has a minimum for any v � 1 =) � � = 1
� > 1 =) J � is unbounded from below (no minimum)
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1. Abstract algebraic problems inspired by slope stability

Indirect continuation for �nding � �

given ! � ! 0 ; �nd (u ! ; � ! ) : F � ! (u ! ) = b; b > u ! = !

Expected properties:

(u ! ; � ! ) exists, � ! is unique for ! > ! 0

 : ! 7! � ! is well-de�ned

 is continuous, nondecreasing and  (!) ! � � as ! ! +1

6

-

�

� 0

 (!)
� �

! 0 !
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1. Abstract algebraic problems inspired by slope stability

Numerical example � homogeneous slope in 3D

Comparison of t � and � � in slope stability:

� � is closer to 1 than t� , i.e.

j� � � 1j � jt � � 1j

SSR is more convential in slope stability

LL is more universal

LL method: t � = 2:11

SSR method: � � = 1:20
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2. Advanced iterative methods

2. Advanced iterative methods
1. Abstract algebraic problems in R n inspired by slope stability:

Solvability analysis & FoS

Ideas of the limit load (LL) and shear strength reduction (SSR) methods

Advanced continuation technique for �nding FoS

2. Advanced iterative methods:

Combination of continuation, Newton and de�ated Krylov methods

Implementation details

Illustrative numerical examples

3. Analysis of discretization errors:

Extension of the LL and SSR methods to Hilbert spaces

Analysis of discretization errors & overestimation of FoS

Illustrative numerical examples

4. Slope stability problem and advanced examples:

Mohr-Coulomb elasto-plastic model & Davis' modi�cation of the LL and SSR methods

Remarks to coupling of slope stability with nonlinear porous �ow

Numerical examples inspired by geotechnical practice
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2. Advanced iterative methods

Iterative solution of extended nonlinear systems

Investigated systems of equations for given ! > 0:

either F (u ! ) = t ! b; b> u ! = ! or F � ! (u ! ) = b; b > u ! = !

Expected properties of F in elasto-plasticity:

F is semismooth =) semismooth Newton method

Generalized Jacobian to F (i.e., tangent sti�ness matrices)):

K j = rF (u j ), K �;j = rF � (u j ) � symmetric and positive semide�nite

positive de�niteness only along solution path fu ! g!

loss of positive de�niteness when ! ! +1 (t ! ! t � or � ! ! � � )

=) K j and K �;j can be ill-conditioned

Regularization of K j and K �;j :

K �
j := (1 � �)K j + �K elast, K �

�;j := (1 � �)K �;j + �K elast

K elast is symmetric and positive de�nite (e.g. elastic sti�ness matrix)

� 2 (0; 1) is chosen according to a prescribed tolerance of the stopping criterion
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2. Advanced iterative methods

Newton method with damping and regularization
LL method: F (u ! ) = t ! b; b> u ! = !

Newton's step: u j+1 := u j + � j sj ; t j+1 = t j + �t j ;

Linearized systems: K%
j sj = �t j b + t j b � F (u j ); b > sj = 0;

Superposition principle: K%
j v j = t j b � F (u j ); K %

j w j = b;

sj = v j + �t j w j , �t j = �b > v j =b> w j ;

Damping: � j = arg min
�2[0;1]

I(u j + �s j );

Convergence analysis: [ƒermák, Haslinger, Kozubek, S. 2015]

SSR method: F � ! (u ! ) = b; b > u ! = !

Newton's step: u j+1 := u j + � j sj ; � j+1 = � j + � j �� j ;

Linearized systems:

�nd (s j ; �� j ) 2 R n � R :

(
K %

� j ;j
sj + G o

� j
(u j )�� j = b � F � j (u

j );

b> sj = 0:

Superposition principle: K%
� j ;j

v j = b � F � j (u
j ); K %

� j ;j
w j = �G o

� j
(u j );

sj = v j + �� j w j ; �� j = �b > v j =b> w j ;

Damping: kF� j +� j �� j (u
j + � j sj ) � bk < kF � j (u

j ) � bk
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2. Advanced iterative methods

Iterative solver for linearized systems

Scheme of the linearized systems: K j
k v j

k = f j
k ; K j

k w j
k = g j

k ; f j
k

j
! 0; g j

k
j

! g k

Solved in each j-th Newton iteration of k-th continuation step

Matrices K j
k are assembled many times and have similar structures

De�ated Krylov method (DKM): [Saad 2003]

De�ation basis: store selected solutions from continuation and Newton steps

W j
k :=

h
u0 ; : : : ; uk�1 ; v 0

k ; v 1
k ; : : : ; v j �1

k

i

Idea of DKM: v j
k = v j

k + ev j
k ; w j

k = w j
k + ew j

k ; where v j
k ; w j

k 2 W j
k ; ev j

k ; ew j
k 2 (W j

k )?

Krylov method for �nding ev j
k , ew j

k : �exible GMRES method (K j
k is ill-conditioned)

Preconditioner: aggregation based algebraic multigrid methods

BoomerAMG [HYPRE library] or AGMG [Notay 2010]

Stopping criterion: kK j
k v (i ) � f j

k k � �kf j
k k; kK j

k w (i ) � g j
k k � �kg j

k k; i = 1; 2; : : :

Default choice of �: 10 �1 � low accuracy, minimal impact on Newton's convergence

Remark:

Combination of DKM with Newton-like solvers is a universal idea.

Other applications: [Karátson, Sysala, Bére² 2024, 2025], [Bére², Sysala 2026]
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k k; kK j

k w (i ) � g j
k k � �kg j

k k; i = 1; 2; : : :

Default choice of �: 10 �1 � low accuracy, minimal impact on Newton's convergence

Remark:

Combination of DKM with Newton-like solvers is a universal idea.

Other applications: [Karátson, Sysala, Bére² 2024, 2025], [Bére², Sysala 2026]
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2. Advanced iterative methods

Iterative solver for linearized systems

Scheme of the linearized systems: K j
k v j

k = f j
k ; K j

k w j
k = g j

k ; f j
k

j
! 0; g j

k
j

! g k
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Matrices K j
k are assembled many times and have similar structures

De�ated Krylov method (DKM): [Saad 2003]
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W j
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h
u0 ; : : : ; uk�1 ; v 0

k ; v 1
k ; : : : ; v j �1

k

i
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2. Advanced iterative methods

Remarks to implementation

1. In-house codes on slope stability in MATLAB (since 2025):

https://github.com/sysala/slope_stability

Vectorized codes on elasto-plastic problems [ƒermák, Sysala, Valdman 2019]

Original constitutive solution for Mohr-Coulomb plasticity [Sysala, ƒermák, Ligurský 2017]

P1, P2, P4 elements in 2D and P1, P2 in 3D

Implementation of the LL and SSR methods

Codes have been validated against COMSOL Multiphysics.

2. In-house codes in OCTAVE (since 2026):

https://github.com/Beremi/slope_stability_octave

reimplementation with high similarity with original codes in Matlab

Fully open-source, you can try it in a browser through GitHub Codespaces

3. In-house codes in PETSc/PETSC4PY (since 2026):

https://github.com/Beremi/slope_stability_petsc4py

Parallel (HPC) PETSc-based reimplementation of the slope-stability work�ows

High-level routines in Python, with computationally heavy parts in Cython

Aims: More choices of elements and solvers, HPC support
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2. Advanced iterative methods

Illustrative numerical example

Setting the problem:

Mohr-Coulomb elastic-perfectly plastic model, SSR methods

Parameters: E = 40 MPa, � = 0:3, � = 45 � ,  = 0 � , and c = 6 kPa

P2 elements, coarse mesh with 15,770 elements.

15 continuation steps; tolerance of the Newton solver: 10�4

Stanislav Sysala et al. Methods for slope stability analysis in 3D PANM23, Hejnice 18:6: 26 17 / 38



2. Advanced iterative methods

Importance of the de�ation basis

Comparison of FGMRES with and without de�ation.

In�uence of the accuracy of linear solver � the parameter "

Solver " Newton it. Linear it. Runtime [s]

FGMRES - de�ated

0:2 164 2307 203.54
10�1 145 2933 195.97
10�2 164 7908 299.86
10�3 167 16169 473.29

FGMRES - no de�ation

0:2 346 11389 617.54
10�1 203 8240 367.02
10�2 205 26364 809.75
10�3 154 37214 1034.62

Direct Solver � 164 � 809.37

Observations:

De�ated FGMRES is fastest and robust w.r.t. choice of �

Newton's iterations of FGMRES without de�ation depends on �

Low tolerance with � = 10 �1 is optimal not only for this benchmark
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2. Advanced iterative methods

Convergence of the Newton method w.r.t. �

Continuation step # 6 Continuation step # 14

Observations:

Convergence is fast for smaller !

Convergence can be slow for larger !

In some steps with larger !, Newton method converges faster for larger �
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3. Analysis of discretization errors

3. Analysis of discretization errors
1. Abstract algebraic problems in R n inspired by slope stability:

Solvability analysis & FoS

Ideas of the limit load (LL) and shear strength reduction (SSR) methods

Advanced continuation technique for �nding FoS

2. Advanced iterative methods:

Combination of continuation, Newton and de�ated Krylov methods

Implementation details

Illustrative numerical examples

3. Analysis of discretization errors:

Extension of the LL and SSR methods to Hilbert spaces

Analysis of discretization errors & overestimation of FoS

Illustrative numerical examples

4. Slope stability problem and advanced examples:

Mohr-Coulomb elasto-plastic model & Davis' modi�cation of the LL and SSR methods

Remarks to coupling of slope stability with nonlinear porous �ow

Numerical examples inspired by geotechnical practice

Stanislav Sysala et al. Methods for slope stability analysis in 3D PANM23, Hejnice 18:6: 26 20 / 38



3. Analysis of discretization errors

Abstract problem on a Hilbert space
Primal problem and assumptions: [S., Haslinger, Reddy, Repin 2021]

(P) inf
v2V

J (v); J (v) := I(v) � b(v); I(v) := max
�2P

n
a(v; � ) �

1

2
k�k 2

W

o
; b 2 V �

V � separable Hilbert space (exists dense system fVhg; Vh �� V ; dim V h = n)

W � Hilbert space with the norm k � k W

P � W � convex, closed, 0 2 P

a � continuous bilinear form in V � W

I is convex, continuously di�erentiable, but not coercive in V

Extension of methods and results via dual problem:

(D) �nd � 2 P\� : k�k W � k�k W 8� 2 P\�; � := f� 2 W j a(v; � ) = b(v) 8v 2 V g

If P \ � 6= ; then (D) has a unique solution and inf v2V J (v) > �1

LL method: t 7! tb(v); t � := supft � 0 j P \ � t 6= ;g

SSR method: � 7! P � ; � � := supf� � � 0 j P � \ � 6= ;g; (� 1 � � 2 =) P � 2 � P � 1 )

It is possible to extend LA problem and continuation curves to V .

Available convergence analysis w.r.t. discretization parameter h
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3. Analysis of discretization errors

Convergence of the continuation curves w.r.t. h

6

-�
�
�
�

�
�
�
�
�

s

s

?
??

@�
lim

h!0
 h(!) =  (!)

t

lim
!!1

 (!) = t �t �

lim
!!1

 h(!) = t �
h

t �
h

!

st �
LB

Pointwise convergence of the continuation curves for any ! > 0 (non-uniform)

Continuation curves may di�er signi�cantly for larger ! =) overestimation of t �

Continuation curves almost coincide for smaller ! =) lower bound of FoS

Recommendations for slope stability:
compare the curves for di�erent h and use higher-order elements
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3. Analysis of discretization errors

Remarks to mesh adaptivity in slope stability

Aims:

To reduce the overestimation of FoS

To detect failure surface (slip zones) more accurately

Adaptive strategy:

Re�nement based on a solution on a current mesh.

Mesh is re�ned according to values of the deviatoric strain at integration points.

Deviatoric strain is used to detect failure zones.

Mesh generation and mesh adaptivity in 3D:

GMSH, see https://gmsh.info
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3. Analysis of discretization errors

Illustrative example � homogeneous slope

Setting the problem:

Mohr-Coulomb elastic-perfectly plastic model, LL and SSR methods

Parameters: E = 40 MPa, � = 0:3, � = 45 � ,  = 0 � , and c = 6 kPa

P2 elements, 5 levels of mesh adaptivity
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3. Analysis of discretization errors

Continuation curves and FoS for LL and SSR

LL method

lower bound: 1.39, upper bound: 1.56

SSR method

lower bound: 1.13, upper bound: 1.18
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3. Analysis of discretization errors

Failure zones vs. mesh adaptivity

LL method SSR method
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3. Analysis of discretization errors

Importance of high-order �nite elements
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4. Slope stability problem and advanced examples

4. Slope stability problem and advanced examples
1. Abstract algebraic problems in R n inspired by slope stability:

Solvability analysis & FoS

Ideas of the limit load (LL) and shear strength reduction (SSR) methods

Advanced continuation technique for �nding FoS

2. Advanced iterative methods:

Combination of continuation, Newton and de�ated Krylov methods

Implementation details

Illustrative numerical examples

3. Analysis of discretization errors:

Extension of the LL and SSR methods to Hilbert spaces

Analysis of discretization errors & overestimation of FoS

Illustrative numerical examples

4. Slope stability problem and advanced examples:

Mohr-Coulomb elasto-plastic model & Davis' modi�cation of the LL and SSR methods

Remarks to coupling of slope stability with nonlinear porous �ow

Numerical examples inspired by geotechnical practice
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4. Slope stability problem and advanced examples

Speci�cation of the abstract problem

(P) inf
v2V

J (v); J (v) := I(v) � b(v); I(v) := max
�2P

n
a(v; � ) �

1

2
k�k 2

W

o
; v 2 V

V := fv 2 H 1(
; R 3) j v = 0 on � D g ... space of admissible displacement �elds

W := L 2(
; R 3�3
sym ) ... space of stress �elds (Cauchy stress tensor)

k�k 2
W :=

R

 (C �1 � ) : � , where C is the elastic tensor from Hooke's law

"(v) := 1
2 (rv + (rv) > ) ... in�nitesimally strain tensor

a(v; � ) :=
R


 � : "(v) dx ... work of internal forces

b(v) :=
R


 (Fg � r�) � v dx +
R

� N
Fs � v ds ... work of external forces

Fg ; Fs ... gravitational and surface forces, � ... pore pressures

P := f� 2 W j f (� ) � 0 in 
g ... plastically admissible stress �elds for the LL method

P� := f� 2 W j f � (� ) � 0 in 
g ... plastically admissible stress �elds for the SSR method

f ; f � ... Davis modi�cations of the Mohr-Coulomb (MC) yield function
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4. Slope stability problem and advanced examples

Davis modi�cations of the MC yield function

f (� ) = (1+sin ��)� 1 �(1�sin ��)� 3 �2�c cos ��; f � (� ) = (1+sin �� � )� 1 �(1�sin �� � )� 3 �2�c � cos �� �

� 1 ; � 3 � maximal and minimal eigenvalues of � 2 R 3�3
sym (principal stresses)

�c; �c � � modi�ed cohesion, ��; �� � � modi�ed friction angle

Parameters of the original MC model, the so-called strength parameters:

c � cohesion, � � friction angle,  � dilatancy angle

Transforming formulas: [Davis 1968], [Sloan 2013], [Tschuchnigg et al. 2015] [S. et al. 2021]

�c = �c; tan �� = � tan �; � =
1

p
(1 + tan 2 �)(1 + tan 2  ) � tan � tan  

�c � := � � c; tan �� � = � � tan �; � � =
� 2

p
(� 2 + tan 2 �)(� 2 + tan 2  ) � tan � tan  

Why Davis modi�cation:

MC model is based on nonassociated plastic �ow rule if  < �.

Optimization framework is not available, problematic theory, numerical oscillations

After the modi�cation: associated model, mathematical theory based on optimization
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4. Slope stability problem and advanced examples

In�uence of porous �ow in slope stability analysis

Prescribed two di�erent water levels on opposite sides: B1B2 and E1E12E2
Uncon�ned seepage problem with sharp interface between dry and wet subdomains
Free surface problem � solved by penalization method [Borja, Kishnani 1991]

div q = 0; q = �k
�

r
�

�


 w

�
+ H � (�)

�
0
1
0

��
in 


Stanislav Sysala et al. Methods for slope stability analysis in 3D PANM23, Hejnice 18:6: 26 31 / 38



4. Slope stability problem and advanced examples

Example 1 � heterogeneous convex slope

cover general relatively general
weak layer slope mass weak foundation foundation

� [ � ] 30 32 35 38
 [ � ] 0 0 0 0

c [kPa] 15 18 10 15
E [MPa] 10 20 50 50

� 0.33 0.33 0.30 0.30

[kN/m 3 ] 19 20 21 22

Mohr-Coulomb, SSR method, P2 elements, 5 levels of re�nements
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4. Slope stability problem and advanced examples

Example 1 – heterogeneous convex slope, SSR
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lower bound: 1.48, upper bound: 1.58
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4. Slope stability problem and advanced examples

Estimation of the failure via mesh adaptivity

Failure zone is deepest at 1/4 and 3/4 of the slope width.
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